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An acoustic model has been developed for reconstruction of vertical sound speed in a near stable or
stratified ocean. Generalized inverse method is utilised in the model development. Numerical experi-
ments have been carried out to account for the noise while reconstructing the model parameters. The re-
sults (data kernel, generalized inverse operator, model parameter resolution, data resolution etc.) ob-

tained thereof have been presented.

During the late seventies, to probe the interior of
the ocean, Munk & Wunsch' advanced a method
known as ocean acoustic tomography—which
takes advantage of the principle of transparency of
sound waves in the ocean—for mapping the ocean
interior layer by layer. The variations in travel time
of acoustic pulses from acoustic source(s) to re-
ceiver(s) placed on moorings in the sea are meas-
ured. These variations reflect the changing sound
speed (or temperature) field of the medium of
propagation. Use of algorithms appropriate to
transform the ohserved acoustic travel time data
enables reconstruction of three-dimensional im-
ages of the sound speed field’.

The numerical methods used in the formulation
of the forward and inverse problems of ocean
acoustlc tomography have been detailed else-
where>. In the present study the application of
generahzed inverse technique®® through medel
simulation to the region of Arabian Sea is ad-
dressed. When estimating the model perturbatnon
using SVD, one needs to consider the contribution
of dynamic noise due to source-receiver displace-
ments on the mooring line(s) both in the horizontal
and vertical directions during transmissions.

. Materials and Methods

Inverse problem—The relationship-between the
travel time of an acoustxc pulse and the distribution
of sound speed' cau be written as

(@, x,, 0= [ )
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where T is the ray path, x, is the source location,
and X, is the receiver location. One may linearize

the model of the sound speed field C(x) by express-
ing

C(x,y,z,t)=C0(Z)+5C(x,y,z)+AC(x,y,z,t) . (2)
where the terms on the right side represent the
mean reference sound speed, the effects due to
mesoscale eddies and fronts, the random fluctua-
tions due to the internal wave phenomena, small
scale turbulence etc. Neglecting random fluctua-
tions, the first order equation takes the form
st, =~ [ 2C(x) (5C?)

ds+0 . 3)
rio C (2) (-_X_)

Here, the travel-time deviations (8t) are linearly
related to the sound speed deviations for small
sound speed perturbations 8C(x). In the matrix
notation eqn (3) takes the form

AdC=3T; dC={6C;}; dT={dT;} .4
which is solved by using generalised inverse
method through SVD to obtain the followmg solu-
tion

8C,y=VV'8C=AsT" . (5)
where A;' =VI™'UT is the natural generalised
inverse operator, U and V are orthogonal matrices
and T is the diagonal matrix containing the eigen
values (i) arranged in the decreasing order. Once

the solution is obtained, it is necessary to assess
how well the data determines the model parame-
ters. This is done through model resolution

(Vv g Jand data resolution (U, U g) matrices
where p represents the number of factors.

Closeness ratio—The ratio between the sum of
the factor model and that of the data matrix is
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considered as the measure of closeness of the
model data. ' '
k )
Measure of closeness=» 17 / Y I} .. (6)
: : R ,
where k is the number of factors. The first eigen
function associated with the largest eigen value

represents the broader features in the data (in the
least square sense), while the second function and

i=1

so on describe the residual mean square data. The -

closeness ratio is expressed in percentage in order
to enable one to judge the contribution of different
modes and thereby reproduce the model profile.

Travel time corrections—Two types of errors
prevail in the measurement of acoustic ray -arrival
times, one due to the movement of the source(s)
and receiver(s) on the moorings and the other
caused by the drift between source and receiver
clocks.

Mooring position keeping—Changes in the
source receiver positions over 25 meters must be
accurately known so that travel times can be cor-
rected. During transmissions these positions can be
precisely monitored through acoustic tracking of
moorings with the bottom-mounted transponders,
interrogated periodically. Deployment of stiff
moorings, though massive and expensive, would
also reduce mooring excursions to within tolerable
limits. Travel time errors due to mooring motion
are presented in the work of Cornuelle’.

Time keeping—In a tomography experiment, the
clock error must be less than about 25 ms per year.
Mathematical expressions for clock error are given
by Cornuelle’.

Data source

The historic oceanographic data for the Arabian
Sea (Fig. 1) available from the published work of

Colburn’ are used in this study. Colburn’s analysis .

covered the western Indian Ocean, in which the

region is divided in to a number of geographic ar-

eas (grids) based on climatic variability of parame-
ters. The annual and winter mean profiles of tem-
perature and salinity have been used to construct
the mean sound speed profiles employing the em-
pirical equations of Chen & Millero®, The annual
and winter mean sound speed profiles are used for
carrying ray trace analysis.

Results and Discussion
Computation of data kernel—Using the annual
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mean and winter mean sound speed profiles, sev-

~ enteen eigen rays (rays connecting a given source

and receiver) have been identified® for inversion
analysis. The vertical water column has been di-
vided into six layers viz., 0-400 m, 400-800 m,
800-1200 m, 1200-2000 m, 2000-3000 m and
3000-4000 m. For the reference sound speed pro-
file (Fig. 2), ray path lengths in six tomography
layers have been estimated to form the data kernel.
An eigen ray plot for a source and receiver located
at 1750 m and 1800 m respectively assuming a
uniform water depth of 4000 m over the 300 km
range is shown in Fig. 3. The acoustic rays scan
the vertical water column between 180 m (upper
limit) and 3300 m (lower limit). In this study, the
refracted rays alone are used in the analysis as the
reflected rays undergo significant intensity losses
due to multiple bottom reflections.

The distribution of row vectors of model space
(V,) with varying energetic modes is depicted in
Fig. 4 while the coverage of the column vectors of
data space (U,) for various modes (p) is presented
in Fig. 5. The first eigenvector in Fig. 4 has its
largest contribution of 77.58% among all eigenvec-
tors calculated statistically, using closeness ratio -
approach®. Individual estimates of each component
(layers as well as ray) are also estimated statisti-
cally. A good coverage of eigen rays in layer four
contributed to 44.43% of 77.58% information in
the first eigenvector (in the model space). On the
other hand, in layer four, though all the eigen rays
provide the information for the first eigenvector (in
the data space), the contribution of flat angle rays
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Fig. 1—Study area in the Arabian Sea
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-(Fig. 5a) alone is about 34.60%. This is the charac-
teristic of the Arabian Sea where the sound speed
- gradients in the vicinity of the SOFAR axis are
week resulting in a large scanning depths by the
flat angle rays. v,
' The second eigenvector accounts to 17.38% of
the total information resulting from contribution of
three different groups of rays (Fig. 5b) viz., (a)
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positive rays with steep angles, (b) flat angle rays
(positive or negative) and (c) steep negative rays.
The rays belonging to groups 1 and 3 together
contribute to 33.72% in one direction while the
group 2 rays account to 16.05% in the opposite
direction, thus the resulting imbalance leads to a
net effect of 17.54% dominated by the steep rays
which is seen in all the layers other than layer four.

Coming to the higher order eigenvectors (modes

-3 to 5), the coverage of the vertical water column

in different layers is dominated by group 1 and 3
rays. The ray groups further split into subgroups,
some being independent while the other dependent.
This is due to decay in amplitudes of group 2 rays
in layers 3 to 5 which imbalance groups 1 and 3
rays. ,

In the present analysis, the percentage of contri-
bution of the 6th eigenvector, calculated using eqn.
(6), comes to around 0.14%. By considering all the
six modes for constructing the generalized inverse
operator to obtain the solution, the noise in the data
kernel prevailing in the form of small eigenvalues
increases the rank of the matrix apart from ampli-
fying the solution since the eigen values are pres-
ent in the denominator of eqn. (5).

To construct the natural generalized inverse op-
erator, it is essential to remove the noise present in
the original data kernel (A). This can be done by
approximating the data kernel by the filtered ker-
nel’. The vertical distribution of the original data
kernel (A) is shown in Fig. 6a. The contour pattern

-in this diagram indicates maximum anomaly in the
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Fig. 4—Column vectors of V,, versus mode amplitude with
varying energetic modes (p)

vicinity of the sound speed minimuin layer. This is
due to the nature of the SOFAR channel where ray
bending takes place towards the sound speed
minimum forming an envelope. Figure 6b presents
the filtered data kernel obtained through recon-
struction using five energetic modes belonging to
the activated spaces of model and data matrices
after removing the noise vector. This represents
rich-information of the original signal of the data
kernel (A). Both the plots are close to each other
indicating that the information contained by many
rays (Fig. 6a) can be expressed in terms of a few
modes. Thus, in the case of the waters of the Ara-
bian Sea, it is sufficient to consider six layers and
five energetic modes for the construction of gen-
eralized inverse operator (Fig. 6¢c) that operates on
travel time perturbation (8T;) for predicting the
model parameter. N

Travel time data—The predicted travel times of
eigen rays (say T,.) computed using the mean
sound speed profile reference state and the ones
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Fig. 5—Column vectors of U, versus mode amplitude with
varying energetic modes (p)

obtained for the assumed profile (winter season
mean) have been used to generate possible pertur-
bations in travel times (T,,) which show varia-
tions between 0.7 and 117 ms. These travel time
perturbations are operated by the generalized in-
verse operator (Fig. 6¢) to get the model parameter
perturbation (8C) in different layers (Fig. 7).

The travel time data discussed above is noise
free in nature representing ideal case. In real cases,
errors in travel time measurements prevail due to
the dynamics of the medium as said in the previous
section.

Model parameter perturbations—The assumed
and reconstructed perturbations of sound speed for
different eigen modes are presented in Table 1
(columns 4, 6) for comparison and are also de-
picted in Fig. 7 in the form of a scatter diagram.
The results indicate that for a six layer model, the
first five eigenvectors can reproduce the features
adequately but when all the six modes are used, the
sixth mode deteriorated the accuracy of the solu-
tion (Table 1, col. 7).
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Influence of drifts—To study the influence of
the source-receiver drifts (horizontal or vertical or
both) on model parameters through travel time er-
ror in different rays, two cases of (a) assumed
horizontal drift of 5 m and (b) assumed vertical
drift of 2 m have been considered. The results pre-
sented in Table 1 show the magnitude of error re-
sulting in the model parameter estimation. For ex-
ample, if case (a) exists, the error in the model pa-
rameter will be of the order of 0.004 m/sec while if
case (b) prevails the error in the model parameter
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Fig. 7—Comparison of assumed and reconstructed sound
speed perturbations

in different layers vary between 0.005 to 0.0010
m/sec.

To make the inverse solution complete, the
model and data resolution matrices are analysed'”.
The diagonal elements (Table 2a) for factors 1
through 6 of model resolution (V A depict how
well the individual model parameters are resolved.
Any value less than unity indicates less resolution
while unit value corresponds to good resolution.
There are seventeen data measurements along the
eigen rays and six model parameters associated
with six layers. This system leads to poor resolu-
tion with less than five factors while a perfect
resolution is seen for the five factors. By introduc-
ing the sixth factor, a perfect resolution is ex-
pected. But however, it leads to the deterioration of
resolution as the noise also got amplified with the
signal. This is due to the influence of a small posi-
tive eigen value in the activated space which in-
creases its rank instead of increasing the dimension
of the null space. It is noted that in layer four, the
model parameter is nearly uniquely determined
even for factor 2 (Table 2). The model parameter
associated with surface layer is well resolved for
k=6. Layers 2 to 5 are fairly resolved for factors
r=3,4and S.

The diagonal elements of UU" are shown in
Table 3 for factors 1, 2, .., 6. A value of unity indi-
cates contribution of information independent of
the other observations. Among all the rays, the
most independent information is contained by
4.88° ray. This table, therefore, enables one to in-
fer which of the rays present poor information
resolution (resulting from sampling nearly the
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Table 1—Results of six layer numerical experiment

Tomographic Sound speed Anomaly- Energetic modes Source drift Receiver drift
layers Predicted Assumed  predicted 4 5 6 horizontal and horizontal and
(m) (m/sec) (m/sec) minus modes modes modes vertical vertical
assumed (m/sec) (m/sec)
(m/sec)
0- 400 1508.32 1507.84 0.48 035 049 1.32 0.0 0.0 0.0 0.0
400- 800 1500.75 1501.72 -0.97 -0.16 -091 -1.01
800-1200 1497.55 1498.73 -1.18 -043 -1.18 -1.03
1200-2000 1494.86 1494.77 0.09 0.18 0.07 0.09
2000-3000 1503.35 1502.50 0.85 0.02 0.86 0.69
3000-4000 1523.60 1523.04 0.56 1.04 0.57 0.34
0.35 0.49 1.33 0.0 0.0 0.0 20

-0.16 = -097 -1.01

-043 -1.18 -1.03
0.18 0.07 0.09
0.02 0.85 0.69
1.04 0.57 0.34

Table 2—Model parameter resolution in each of layers for 2 Table 3—Information data resolution for each of seventeen
factor r=1 through 6 eigen rays for factor r=1 through 6
Layer Mode no. Ray Mode no.
no. 1 2 3 4 5 6 no. 1 2 3 4 5 6
1 0.001 0.016 0068 0.118 0.128 1.000 1 0018 0.058 0.102 0461 0482 0485
2 0.015 90.174 0519 0.696 0.998 1.000 2 0.028 0.095 0.107 0.115S 0.131 0.293
30033 0173 0714 0714 0972 1.000 30026 0095 0.126 0.148 0.148 0299
4 0.785 0992 0993 0994 0999 1.000 4 0.029 0.098 0.122 0211 0328 0441
6 0.001 0.008 0.068 0%835. 0938 1.000 6 0059 0066 0215 0219 0223 0223
7 0.108 0.132 0.140 0.140 0.280 0.335
8 0.127 0213 0.223 0.224 0.224 0.224
9 0.145 0312 0323 0326 0439 0490
10 0.13i 0232 0242 0.243 - 0.249 0.253
same ocean regio
same ¢ gion) as seen from thevaluesinthe |\ o000 0004 0096 0097 0224 0273
A 12 0060 0.066 0205 0.209 0.2i4 0215
ollowing the analysis of the model and data 13 (036 0100 0105 0120 0123 0240
resolutions, the present study indicates that the
L. . . . . 14 0.029 0.096 0.118 0.202 0.313 0423
partial information contained in the data space is
15 0.026 0.094 0.124 0.145 0.145 0.284
adequate to reconstruct the model parameters
which is a case of overdeterminacy and reveals the 16 0030 0120 0.131 0133 0367 0371
usefulness of natural generalized inverse in the 17 0018 0.057 0.102 0485 0511 0516

11
least square sense
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