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Some aspects of the yield isopléth and eumetric fishing have been examined
using the Beverton-Holt table of yield functions. - The various yield curves
have been described by approximating functions which permit an accurate
‘estimation of the yield and the yield-maxima. Once the curves are fitted
the yield calculations become unnecessary since they can be obtained
accurately by using the approximate function with a minimum of additional
computation. The use of an approximating function is a labour-saving method
particularly when the derivative of the eumetric yield curve is required at
different points, or when the eumetric yield andjor the optimum mesh
size are needed at various ﬁshlng levels from the eumetric yield/fishing
curves.

These methods can be applied even when the simple Beverton-Holt model is
given in the general form to suit both isometric and allometric growth condi-
tions or when the natural mortality varies with age. The methods described
here also include those which are used for an accurate evaluation of the fishing
level which permits eumetric fishing at a given mesh size or for finding the
change in the fishing intensity needed to bring the yield and catch-per-unit
effort to any desired level. The predictive value of the Beverton-Holt and
Schaefer models in yield assessments and for maximising the profit are also
discussed.

INTRODUCTION

An appropriate evaluation of a fishery requires an estimation of the changes
in yield and catch-per-unit-effort at various levels of fishing and mesh selection.
Hence, in this paper some of the properties of the various yield curves which describe .
such changes under different fishing conditions together with their significance in
the optimum exploitation of a fishery, have been examined. Methods of numerical
analysis, even though they are simple and accurate and commonly applied in other
- fields of studies, are seldom used in problems related .to fisheries management. In
this paper some of these methods have been used to describe the various yield curves
so that accurate estimates of the yield and catch-per-unit effort can be made at various
fishing levels or for finding the yield maxima with a minimum of additional
computation. Since evaluation of fishing conditions by these methods is for maxi-
mising either the total return or the profit, suitability of the Beverton-Holt and
Schaefer models in such studies, in view of the limitations inherent in the two
models. has also been discussed. :
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BALANCED FISHING

The Beverton-Holt theory of balanced fiksing may be defined as the harvesting
of a fish population for obtaining the maximum yield at any fishing intensity by
selecting an appropriate mesh size. The selection of mesh size is based on the
knowledge of growth and natural mortality. Earlier authors, especially Ricker (1945)
and Allen (1953, 1954) have discussed the basic principles involved in obtaining
the maximum yield within the practical limits of fishing intensity as against the
potential yield. The potential yield can be obtained only by catching all the fish
of a particular age (optimum age) in a population when growth and riatural mortality
just balance each other, resulting in maximum weight of the brood. But this is.
theoretically possible only at infinitely high fishing intensity. The eumetric fishing
curve of Beverton and Holt enables one to read directly the appropriate size limit
that will maximise the yield and the catch-per-unit-effort at a particular fishing
intensity. This curve is asymptotic approaching the optimum age or size at infinite
fishing intensity. The curve complementary to the eumetric fishing curve enables
one to read the fishing level which will maximise the yield at any fixed mesh size. .
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Fic. 1. Eumetric fishing curve, its complement and the corresponding
catch-per-unit-effort for a set of population parameters. Conversion factor used

to change ¥’ to % is 4354.99. Other parameters are L o =69 cm, M=0.1,
K=0.066667, and catchability=0.0000526. ' ‘
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Similarly the eumertric yield curve and its complement would permit one to read the
maximum yield at a fixed fishing level or mesh size.

Using the table of yield functions (Table I, M/K=1.5) prepared by Beverton and
Holt (1966), the eumetric fishing curve, its complement and the relation between the
catch-per-unit-effort (C/U/E) along these curves and the fishing mortality (F) have
been drawn in Fig. 1, for a set of values of population parameters. A few estimates
of the maximum yield per-recruit corresponding to a fixed fishing intensity or mesh
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Fic. 2. Yield-intensity curves and the corresponding catch-per-unit-effort.
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size are also given in the Figure. Since the eumetric fising/yield. curves and their
tomplements are all inversely exponential with an asymptote at infinitely high
fishing mortality, the slope of these curves steadily decreases with increase in F.

In Figs: 2 and 3 the yield-intensity curves, the . yield-mesh curves and their
corresponding C/U/E have been drawn. Depending on the mesh size the yield-
intensitv curves are either inversely exponential or they reach a maximum before
declining to the asymptote, although this mode gradually disappears as the mesh
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TaBLE 1

Extra ﬁshmg mtenmy (umts) required for one gramme increase in yield at di ﬁerent levels
of the eumerric yield curve for a hypothetical populatzan“

Corresponding Additional
_ F fishing fishing inten-
zZ . intensity sity needed
(Units) (Units)
0.15 0.01765 335.5 5.5
0.30 0.04286 814.8 11.1
0.45 0.08182 1555.5 26.2
0.60 0.150 2851.7 i 122.2
0.75 0.30 5703.4 403.4
0.90 0.90 17110.3 16325.6

#Values obtained partly by fitting a polynomial to the eumetric yield curve and applying
Newton’s method of solving equations and partly by the method of successive approxlmatlons based
on Newton’s advancing and recedmg formulae (see text for details). :

size approaches the optlmum size (Beverton 1954). The slope of the yieid-inten-
sity curves, wheather it possesses a mode or not steadily decreases (see Beverton
and Holt 1957 and Gulland 1968 @). Hence the C/U/E corresponding to these
curves also decreases with F and as pointed out by Gulland (19685) they decline
along a concave upward curve even when the yield curves take different shapes.
Since the average biomass of the population in the exploited phase (P'y) along the
eumetric yield curve and the yield-intensity curves decline exponentially and

Yw=FP1w:

203 being proportional to
i F

« also traces a concave upward curve, approaching zero as the fishing intensity is
mcreased to infinity.

The catch-per-unit-effort corresponding to the yield-mesh curves (Fig. 3)
shows the same trend as the yield values because the fishing mortality remains
constant. In Fig. 4 the relative changes in the yield and C/U/E, at various gear selec-
tion, when the fishing level was altered so as to correspond to that indicated by the
eumetric fishing curve, have been examined. This study is confined to the portion
bounded by the eumetric yield curve and its complement. From Table I, the extra
fishing effort required for a fixed increase in yield along the eumetric yield curve has
been found to increase with the fishing pressure. The yield values given in Fig. 1
fS this curve and its complement also showed that a significant reduction in the fishing
intensity from a high level will have only a small effect on the yield. Hence at high
fishing intensities, the catch being near the asymptote, the per cent decrease will be
negligible.” The corresponding C/U/E or ('2%'.”- will therefore record a greater per
cent increase, although the absolute increase may be small. At high fishing pressure
the C/U/E being very low, this increase is particularly felt by the fishery. Thus in
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FiG. 4. Relative change in yield and catch-per-unit-effort at different mesh
selection when the fishing level isreduced from F,,4: (o that cotresponding
to the eumetric fishing curve for an imaginary population.

Fig. 4, the increase in C/U/E, especially at high mesh selection far outweighs the
decrease in yield as the fishing mortality is reduced from the F maz level or the fishing
level giving the maximum yield at a given mesh size to the 7, mez level, i.e. the level
of fishing mortality, for which the above mesh size enables to obtain the maximum
yield and catch-per-unit-effort. , ’
Since the eumetric yield curve resembles an inverse exponential curve, with
potential yield as the asymptote, the rate of increase in yield at any point may be
approximately proportional to the difference between the yield at this point and the
potential yield. The rate of change of yield along this curve is a function of
both fishing intensity and gear selection. The relation of the latter with fishing
intensity is.described by the eumetric fishing curve. It is thus possible to relate
the rate of change of yield and the fishing mortality by plotting the total derivative
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against the ﬁshlng mortality. The total derlvatlve is obtained from the relation
dYch mox an an dlc

P oF T ol *dF )
3 Y (] Yw - . N . . N . ‘
where —=r 7 and’ ] are the partial derivatives of the yield function with respect
¢ .
to F' and ; ; and ;l{f is the derivative of the function relating I with F’, i.e

the slope of the eumetric fishing curve. The latter function given by Krishnan
Kutty (1970), the Holt’s version of the Beverton-Holt yield equation, and the required
derivatives and definition of the notations, have been given in Appendix I. Approxi-
mate derivatives obtained by fitting a polynominal to the eumetric yield curve
were plotted in Fig. 5% to examine the relation between the rate of increase of yield
along this curve and F. It registered a sharply declining exponential curve. In
Fig. 5, the rate of decrease of the corresponding C/U/E also traced a concave upward
curve, but the rate of approaching the abcissa is much lower and is due to the nature
of the C/U/E and the yield curves and the relation between the two. Because, while
the yield curve is very steep near the origin with potential yield as the asymptote,
the C/U/E curve has zero for the asymptote. The derivative of the C/U/E curve is
obtained by numerical differentiation using Newton’s advancing difference formula
(see p. 120). The rate of change in both cases is for unit F.

Y,

d'—lc maz

*The rate of change'of the yield-per-recruit, plotted in Fig. 5 is of the eumetric

dF
yield curve having. F for the abcissa. It is obtained from the relation
Y.
d= llc maxz-
R =dY AL % —>< ‘fgx 0
daF dx dE dF

—E and hence

dY'poz . E
where —dxm—@ls the slope of the fitted polynomial (see p. 117) with x=

e 1. - : F dE _ M ., Yo
E-T And from the relation E—m, aF —-(-F+—M)—2. Since Y'mez=S (x) and -—R~lc mor
Y,
d_‘wlc maxr 7
==Q f(x), where Q is the conversion factor, y = Q '"". Hence T isalsoto be
X

multiplied 'by Q to get the required derivative. Similarly the rate of decrease of C/U/E,
- d(C/UJE) d(C/U/E)xdx dE

daF dx dE " dF ° . :
To obtain the slope of the yield curve having fishing intensity for the abcrssa, use the relation
Y, Y,
dfeg le mas dTw" meE dF
—— X —
~ df ’~
df df

a . a g
where — = catchability C,since F = Cf
. df 3 .
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Fic. 5. Rate of change of yield and catch-per-unit-effort along the eumetric yield
curve. —(@)—rate of increase of yield, —A—rate of decredse of C/UJE.
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The decrease in both the C/U/E and the slope of the eumetric yield curve,

d=2lmes
RN - with the increase in fishing mortality (Fig. 6) follows a concave up-
d ‘ : o _
ward]::urve with abcissa as the asymptote. But the C/U/E decreases more slowly than
the slope of the eumetric yield curve. Gulland (1968 @) has recently made a more ele-
gant study of this property together with its practical significance by examining the
slope or the marginal yield along the yield intensity curves having fishing intensity
for the abcissa. He points out that the marginal efficiency or the ratio between the
* marginal yield and the C/U/E decreases from one to zero as the fishing intensity is
increased and acquires a negative value, if the fishing level becomes greater than
that giving the maximum yield. This is true not only for the whole family of yield
intensity curves but also with respect to the eumetric yield curve. In the latter case,
the curve being inversely exponential, marginal efficiency does not acquire negative
values. Instead, it approaches zero, as the fishing intensity reaches infinity. The
marginal efficiency corresponding to any fishing level is highest along the eumetric
yield curve. Nevertheless, since it is always less than one, marginal yield is also less
than the C/U/E. Since the marginal efficiency tends to be very low at high fishing inten
sities, significant increase in yield is not possible without a substantial increase in
the fishing Jevel and consequently decreases the already low C/U/E.
Tt should also be noted that while drawing the eumetric yield curve, Beverton
" and Holt (1957) assumed that any change in the mesh size does not by itself change
the fishing mortality, although the latter is affected. The change in F due to any
change in fishing power can readily be adjusted by reducing the fishing effort so that
this aspect is omitted in a preliminary discussion of maximising the yield. It should,
however, be considered for maximising the profit.

ESTIMATION OF THE CONDITIONS OF OpPTIMUM EXPLOITATION

The change in the mesh size or the fishing level is often not based on a scientific
basis. Besides, because of free entry in the fishing industry, the overhead costs are
treated as sunk costs so that the fishing level then tends to increase until the average
cost equals the value of C/U/E (Gordon 1953; Gulland 1968 b). Hence, by controlling
the fishing intensity and by suitable mesh regulation the profit can be maximised.
The table of yield functions prepared by Beverton and Holt (1966) is very useful for
determining the best combination of fishing pressure and the size of exploitation,
without drawing an yield isopleth diagram or the eumetric fishing/yield curves.
More precise methods of determining some of these parameters were described by
Krishnan Kutty (1968 @, 1970%), and Krishnan Kutty and Qasim (1968). The
determination of marginal efficiency (Gulland 1968 a) is also helpful in studying

*The equation given- here for estimating /, ma» is independent of I. and hence it can be used
to find theoretical values of /; .4 Which are actually less than /,. Thus, for an F of 0.0001, I, nq for

plaice will be 3.16 cm and the corresponding TWI" may using Holt’s version of the Beverton-Holt yield

equation is 0,4106 g. The latter equation automatically adjusts for variations in the number of fish
present at all sizes of exploitation, even for values which are less than /..



- 115 M. KRISHNAN KUTTY

the possible changes in yield and catch-per-unit-effort following a small change
in the fishing effort at any desired mesh size. Some simple and reliable methods
of fitting the various related yield curves have been described below, using which
the conditions of optimum exploitation can be examined for all levels of changes in
the fishing effort and/or mesh size, even when the average growth pattern of the
individual fish follows an allometric length-weight relation. More details on some
of these methods are given by Freeman (1960), Hildebrand (1956) and Scarborough
(1966).

Fitting of the eumetric fishing[yield curves and their complementaries. . Fitting of the
inverse exponential curve. ‘ '
Although the exact algebraic expressions of the various yield curves are

complex, the curves described by these equations are often simple. Hence, their
fitting by simpler equations will reduce the labour involved in making the various
estimations such as the optimum level of fishing or gear selection and the corres-
ponding yield and the catch-per-unit-effort. The eumetric fishing/yield curves and
their complementaries have the same general shape in being concave downward
and approaching the asymptote at an infinite fishing intensity. The fitting of only
the eumetric fishing and yield curves have been described below and the same can
be applied to the other curves.

From the equation given by Krishnan Kutty (1970) for the eumetric fishing
curve (see Appendix I), the optimum size of exploitation (/; maex) at any fishing
mortality is independent of the size at recruitment and this curve, unlike the eumetric
yield curve, dces not pass through the origin. However, the equations

ls maz = Ly (I —e®w) ()

Ic maz = lc7 (1 - e (x_zo)) e .(3)
were fitted to the North Sea plaice data. In the above equation /., corresponds to
the size of exploitation at which the potential yield is obtained x is the value of F
in terms of the chosen unit of abcissa and x, is the abcissa at which I mez is zero
and g is a constant.

Equation (2} is fitted by the method of Allen (1966) which gives the best least-
squares estimates of the parameters. Nevertheless, the eumetric fishing curve could
not be described adequately by this equation. The eumetric yield curve was also not
satisfactorily described by the equivalent equation even though this curve passes
through the origin, .

The method adopted for fitting the equation (3) was the familiar Ford-Walford
technique commonly employed for fitting the von Bertalanfly growth curve (see
Beverton 1954). Using the North Sea plaice data, this equation was fitted to a set of
I maz values corresponding to values of F, between 0.3 and 1.8, spaced at intervals
of 0.3. The fitted equation describing the eumetric fishing curve is

le mox = 49.13963 {1 0-634072(x+1.545069) ) T

and

F . . . .
where x = 73 Since the chosen unit of abcissa is 0.3. In equation (4) I, was
obtained by plotting Is maz +1 YEISUS L maz, and the constants g and x, by fitting

[“([W_"cmaz)=(1ﬂ1§y+qxo)“qx : 5(5)
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In equation (5) the unit of abcissa is 0.3. When the scale of abcissa is altered, the
intercept remains constant but the slope changes. Thus when the unit of abcissa is

changed to unity, so that F becomes the abscxssa instead of (f' 3 the new slope ¢
dx dx 1 F
is bta ned from 0.634072 x ——
in equat1on (5) is obtat om X 7 where —— GF 03 as x= g The

constant F, corresponding to X, is to be calculated from the new intercept,
(Inley + q'F,). Since the intercept remains unaltered by any change of scale of
abcissa :
(Inley + @' Fy) = (I lew + gx,) ....(6)

since ¢’ = ~% 05 3 , equation (6) will be satisfied only if Fo=x, (Z—f or the reciprocal

of 0—13- ) Thus by writing equation (4) in terms of F

Icmaa:=49-13963 ( 1— ”“(7).

6—2.1 13573 (F4-0.463521) )
where F is the yearly instantaneous fishing mortality rate. Following the above-
procedure, the equation fitted to describe the eumetric yield curve is

%’i—lc'm = 437.6104 ( | g 3-020353 (F4-0.235861) )

..(8)

In equations (7) and (8) 49.13963 and 437.6104 are the estimates of /,, and
the potential yield-per-recruit, obtained in the course of fitting the respective equa-
tions and are less accurate than the values given by Krishnan Kutty (1970). Never-

. : Y,
theless, the best estimates of /; maz and f{l l¢ maz for values of F, within the range

used for fitting the respective curves, can be obtained only by substituting these
estimates even if they are less accurate.

Tables Il and III compare the theoretical values of /; mer and j}g—wlc max Ob-

tained by using equations (7) and (8) with the values used for fitting these curves.
These values indicate that a reasonably good fit is obtained by these equations
although extrapolation, particularly at low fishing intensity, has serious limitations.
Allen’s method* gave a better fit than equation (7), but involves shghtly more
computation.

Two other simple methods of fitting the eumetric fishing and the yield curves
attempted ‘below are : (@) by fitting a polynomial of n* degree using a Table of
matrices, and (b) by means of interpolation methods using finite differences.

Polynomial curve fitting—The method adopted is that described by Parker (1958)
for equally spaced abcissas using inverse Vandermonde matrices. This method

*Dr. Allen Director, Pacific Biological Station, Nanaimo B.C., Canada, kindly fitted this
equation while answering my queries on the fitting of equation (2) by other methods.
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TasLe I

Comparison of l¢ max values obtained from differemt fitted
~ equations with the original data .

F Original data®* . Equation(7)  Equation (9)
(cm) (cm) (cm)

0.1 31.345 34.2058 33.9720

0.3 40.0 39.3540

0.5 43.2264 42.7274 43.2037

0.6 44.25 43.9490

0.73 45.2726 45.1961 45.2721

0.9 46.25 46.3864

1.2 47.455 47.6193

1.5 48.24 48.3650_

1.65 48.547 48.5755 48.5212

1.8 48.8075 48.7287

Data obtained by the method described by Krishnan Kutty (1970). Values in bold figures

are not used for fitting the cquations,

Comparison of

Yy
R

TasLE 111

~—lo max values obtained from the different fitted equations with the original data.

(Values in bold figures are not used for fitting the equations)

Equations (11), (12), (14)

F Original data  Equation (8) Equation (10) respectively
(@ ® ® ®

0.1 223.6438 278.9263 270.0094

0.3 351.7430 350.8747

0.5 393.4884 390.2036 392.8886 392.8886

0.6 404.5892 402.5609

0.73 414.42 413.9427 414.6531 414.6532

0.9 422.7711 423.4471

1.2 431.1211 431.886%

1.5 435.5233 435.2976

1.65 436.9596 436.1405 436.6287 436.6324

1.80 438.0738 436.6757
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is briefly described here and a part of the table of inverses given by Parker is
reproduced in Appendix II for fitting third to sixth degree equations. Given n+-1
equi-spaced arguments and the corresponding ordinates an equation of nth degree
can be fitted. For this, the abcissas are transformed so that they take successively
the value 0, 1, 2, etc. The transformation is effected by subtracting the initial value
of the abcissa, from each of the given abcissas, and dividing by the interval of
tabulation, . The successive columns of the appropriate table of inverses, i.e., the
table containing n--1 rows and columns, are multiplied respectively by the ordinates

o, Y1, ye, etc., and summed by row. Each of these sums is then multiplied by %

The resulting values in the order are the required unknowns of the polynomial, the
Jast value being the coefficient of x raised to n** degree.

The fitted equations describing the eumetric fishing and yield curves of the
North Sea plaice within the range F=0.3 and F=1.8 are
l; maz = 0.0075625 x5 — 0.120625 x4 + 0.7771875 x3 —
2.725625 x2 4+ 6.31150 x -+ 40.0 ....(9
and
%"— I maz = 0.12633333 x5 — 2.05286660 x* + 13.297558 x3 —

44.749775 x* 4 86.22495 x + 351.7430 ....(10)

where x = F;()(;);3 , since the initial value of F(F,)is 0.3 and F is spaced at intervals

I maz using equa-

of 0.3. Tables IT and III give few estimates of /; maz and g“’
tions (9) and (10). These estimates compare very well with the values in bold,
and hence the method is accurate for any intermediate value of Flying between 0.3
and 1.8, but extrapolated values, especially at low F, were not reliable. When /¢ maz
values for a series of F are required, this method is better than the one described
by Krishnan Kutty (1970). However, the estimates of l mar Tequired for fitting

equation (9) are to be obtained by the latter method and %Ic maz values for fitting

equation (10) were calculated by substituting the appropriate /¢ maz values in
Holt’s version of the Beverton-Holt yield equation. The estimation of /¢ mex using
the Newton’s method of solving equations is somewhat tedius when the growth is

. . . . N
not isometric, but the computation required for obtaining —R‘ilc maz €an be reduced

by using either Jones’s (1957) version of the yield equation (see also Wilimovsky
and Wicklund 1963) or by approximate integration (see p. 1395).

Polynomial curve titting is also useful in calculations involving the derivatives
of the yield function and for approximate solution of the equations. For instance,
in applying the Newton’s method of solving equations, given y=f (x), computational
labour can be reduced if the function is replaced by a polynomial. The approximating
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polynomial can be either in the form of a rational integral function described above
or in the form of a difference equation. The construction and application of difference
equations in the yield studies have been discussed below.

Estimation by the method of interpolation using finite differences

Krishnan Kutty (1968 b) has applied Newton’s method of direct interpolation
for equal intervals for estimating the yield-per-recruit when length-weight exponent
is 3.5. Methods of direct and inverse interpolation are simple and accurate and are
useful for estimating the various yield parameters required for determining the
optimum fishing conditions. If tabulated values of a function for equally spaced
values of abcissas are given, the value of the function corresponding to any inter-
mediate value of x can be obtained to the desired accuracy, using any standard
interpolation formula. The method of interpolation for unequally spaced abcissas
is not considered here. According to Freeman, the principle involved in the interpola-
tion method using finite differences is that the given set of data can be described by a
polynomial with sufficient accuracy. When x is spaced equally and y=f(x) is a poly-
nomial, values of y will be so related that their successive differences decrease progres-
sively to zero. Thus, if a third degree curve exactly fits the data, the third derivative
and the third differences will be constant, and hence the fourth differences will be
zero. With other functions, if they can be represented approximately by polynomials,
as can often be done when f (x) is continuous and single-valued, successive differences
are taken until they are very nearly constant, and therefore, change only slowly. In
such cases, five or six equi-spaced values of x, and the corresponding ordinates, are
desirable so that the interpolation to fourth or fifth differences can be done. It is not
a necessary condition that the maximum or minimum point, if present within the
range of interpolation, should be given. Since interpolation is generally done with
approximating functions, the accuracy of the interpolated value can be increased
either by reducing the range of interpolation and the unit of abcissa or by retaining
higher order differences for interpolation. Although direct interpolation based
on a polynomial can be done even over non-monotonic range of the data, they are
less suited for periodic functions except over restricted ranges.

For applying the interpolation formulae, a difference Table using the given
values of the function, has to be prepared as shown in Table IV. Itis convenient to
change the scale of abcissa by taking the interval of tabulation, / as the unit of abcissa
and chapging the origin to the initial value of x, so that they now read 0, 1, 2,..... ..
in the transformed scale. The successive abeissas may then be denoted in the order
by Xo, X1, X2, - ... xn and the corresponding ordinates by yo, y1, ¥5,...... jU
The difference table is then completed by taking the successive advancing
y-differences

ADyi = Vi — Yi, A% = Ayin — DYes oo ATy = Am'ly'.-i_l _ A"""lyi-

Using the above notation Newton’s advancing (or forward) difference formula
for interpolation is

=130+ 30 + 28 + 534%0 + ... ""‘.,(“)
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where y. is the value of the interpolant, y, is the value of J(x) éorresponding to

the initial value of x or the leading term, Ayg A\, €tc., are the successive leading

. . . . X Xelxe—1
differences ‘and s1, s2, §s, etc., are the binomial coefficients —1% , %"T——)

X(Xr— 1)(x¥—2)
3!

, etc., where xi is the argumént of the interpolant in the trans-

formed scale. If the maximum yield-per-recruit, I};“’ I: maz for F = 0.73is to be

.interpolated using the data in’ Table IV, then f(0.73) from equation (11) is

1.43331.4333—1) 44 coan

Pragss = 3517430 + 1.4333 x 52.8462 +

2
1.4333(1.4332—1)(1.4333—2) < 24.8324 4
X2 -
1.4333(1 4333—1)(1.4333—2)(1.4333-3)
4><3><2< x —18.9483 4
1.4333(1.4333—1)(1.4333—2)(1.4333 —3)(1.4333—4)
S AXIX 2 % 15.1603

= 414.6527 g.
From Table ITI this is a close estimate of %’ ¢ mae for F=0.73.

The eumetric fishing curve over a certain range of F can also be similarly
rcpresented by a difference equation, if I me: values are available for equally
spaced values of F.

In applying the interpolation formula, computation can sometimes be reduced,
if y: values are large by subtracting a constant and transforming them to smaller
numbers. The coeflicients of successive differences can also be obtained from a
table of binomial coefiictents.

Freeman has recommended the use of the central difference formula since the
difference coefficients are smaller and these converge more rapidly so that generally
with the same number of differences a more accurate yx can be obtained. In applying
the central difference formula, the difference coefficients on either side of the origin
are required. The origin is thus shifted towards the centrally placed x within the
range of the given abcissas with the interval of tabulation of x as the unit abcissa.
The backward abcissas or the arguments whose values are less than that of the x
corresponding to the origin are assigned progressively, according to the transformed
scale, values of -1, -2, -3, etc. and the values 1,2, 3, etc. for successively larger
values of x or the forward abcissas. The successive tabular ordinates and abcissas
may be denoted by the symbols given in Table V. Using this notation, the central
difference formula known as the Gauss’s forward formula is

ye=Yo - s1AYo+ 52 A%y 1+ (s DAY+ s+ DsA et o ...(12)
and the Gauss’s backward formula can be stated as .
=Yo+ i Ay 1+ (s-+1)A2y 2+ (5+ l)aASy'_z+(s+2)4[_\_.“y_z+. . .5(13)
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where y, is the ordmate at the origin, Ay, Ay 1, A2y, etc., are the central
differences, s1, s2, (s+1)2, etc., are their coefficients and s=x%. In both formulae
the even differences like A%y, A%y_s, etc., fall on line with y, in a difference table
(Table V) but the odd differences like Ay, A3y_1, etc. in the forward formula fall -
on line between ¥, and y, and in the backward formula they lie between y; and y.1.
If the argument of the interpolant lies between xo and xi, the forward formula is
* preferred but if it lies between x, and x_1 then equation (13) is chosen for inter-
polation. The law of formation of these two equations as pointed out by Free-
man, as we advance from each term to the next, leaving yo, is that in the forward
formula we alternately deduct unity from the subscript of y and add unity to the
pumber whose factorial is the coefficient and in the backward formula we alfer-
nately add unity to the number whose factorial is the coefficient and deduct unity

from the subscript of y.

Freeman has indicated that the central difference formula is advantageous
~only if (@) the argument of the interpolant lies near the central interval of the range
of the given values of x, and (b) the neglected order of differences is nearly constant
or changes only slowly. Hildebrand (1956) has pointed out that the difference path
chosen for the interpolation should depart least for best results from an imaginary
horizontal line through the argument of the interpolant, although for ordinary
purposes the reduction in loss of accuracy afforded by the “preferred path” is of
no great consequence. Hence, if best results are required it is preferable to choose
abcissas on either side of the argument of the interpolant and perform the inter-
polation using the ceniral difference formula.

Freeman has also suggested that it is not always necessary to interpolate with
equation (11) which uses the leading term and the leading differences or with equa-
tions (12) and (13) which utilize the central differences. According to Sheppard’s
zig-zag rule, interpolation could be done starting with any given ordinate in Table
IV and for choosing the successive difference coefficient from the difference Table,
movements at each step could be made either upwards or downwards until the last
single term is reached. The numerator of the coefficients of each of the difference
terms, beginning from the second difference, is always obtained by subtracting
successively from the argument of the interpolant, the abcissas involved in obtaining
the preceding difference term and taking their product. For instance, referring to
Table 1V, if the interpolation is begun at y1=404.5892 and —9.8319 and 5.8841 -
are the second and third differences lying in the difference path chosen for the inter-
polation, the coefficient of A3y, in terms of the original abcissas, will be

(x—0.6)(x—0.9)(x—
3 x_2

1.2) because the preceding difference, A1 being—9.8319, is

the difference of two Ay; values, which are in turn derived from the three conse-
cutive ordinates corresponding to x=0.6, 0.9 and 1.2. The_ coefficient of the first
difference term is equal to the difference between the abcissa of the interpolant and the
argument corresponding to the ordinate chosen for the interpolation, i.e. x=0.6.
If the transformed values of x are used, with the initial value of x taken as the origin
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(Table IV), and if the interpolation is begun at y1=404.5892, the coefficient ‘of

A3y will be (xkf'l)(g*;zz)(x“"B). If the origin is set at, say, x=0.9, with

0.3 as the unit abcissa and the interpolation is begun at y,=422.7711 correspond'ing
to x=0.9, the third order difference coefficient 5.8841 will be denoted by A?y-zr

(ee— (= 1)) —0)(xx—1)
Ix2 '

(see Table V) and its coefficient will be

When interpolation is to be done from the given tabular values alone,
Hildebrand recommends the use of the difference equations formed by leading, central
or receding differences if the intermediate value of x lies in the upper, middle or
lower end of the range of interpolation, as can be judged from the difference table,
This is because it is desirable to use a difference equation in which the successively
introduced ordinates correspond to abcissas which are as near as possible to the
argument of the interpolant. Newton’s receding (or backward) difference formula
makes use of the values in the end of the difference table (see Table IV) and in
the notation given for writing the advancing difference formula, it can be written as

Ye=Yat51AVn 1+ S+ 1)s A%n s+ (5+2)sln st ... ... (14

where yy is the last tabular ordinate, Ays_1, A%pn_2, etc...., are the lowest series of
differences in the difference Table and s1, (s )2, etc., are the binomial coeflicients
of the difference terms where s=(Xx—xn).

Hildebrand (1956) and Scarborough (1966) discuss at some length the effect
of round off and truncation errors on the interpolant. They have shown that if the
values of the ordinates are subjected to round-off errors, they bujld up rapidly in
successive differences and make higher differences fluctuate irregularly. If this is
noticed, the interpolation should be stopped at the preceding order of differences.
The effect of round-off errors can be regulated by rounding the initial data to the
same decimal place (Scarborough 1966, p. 3) and by retaining one or more extra
figures in the intermediate calculation. The truncation error is also generally
reduced by retaining sufficient number of successive differences.

Horizontal and vertical sections of the yield isopleth

Fitting of the yield-intensity and yield-mesh curves may be useful for esti-
mating the vield at a given mesh size for any F or the yield at a given F for any
mesh size. This may be accomplished by the polynomial curve fitting, using the
inverse matrices or by direct interpolation based on a suitable difference equation.
The modal yield values with respect to these curves can be obtained: by solving the
respective derivatives of the yield equation as described by Krishnan Kutty (1970)
and substituting the value of the root in the yield equation. But if the particular
yield-mesh or intensity curve is already approximated by a polynomial of either form
over a certain range containing the mode, the model yield value can be more easily
obtained by finding the abcissa (see -below) corresponding to the mode from the
first derivative of the polynomial and substituting it in the approximating function.
If a series of modal values are required it is advisable to approximate the eug:etric
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yicld curve or its complement as the case may be by a polynomial and obtain the
maximum yield directly.

A polynomial is fitted to the y" values corresponding to C=0.38, 0. 42, 0.46,
0.50 and 0.54 taken from the Beverton-Holt table of yield functions for M/K—Z 5
and E=0.7. The mode is then calculated from this portion of the yield-mesh curve
which, from the table, lies at C=0.48. The fitted polynomials using the inverse
matrices and -the central differences are

y' = 0-00000125x4—0.000016333x3—0.00020425x2+0.001247208x4-0.019926

' L L(15)

and :
7:="0.00003(s+1)4—0.000023(s +1)5— 0.0005425:—0.000004s1 +0.021491 ...(16)
where s1, §2, etc., are the binomial coefficients and s=x.
Equating the derivative of the equation (15) to zero and solving for x by Newton’s
method (see p. 128) using 2.625 as a first approximation of x, the abcissa which
maximises y' is 2.49613. The corresponding )’ from equation (15) is 0.021561.
The maximum ¥’ can be obtained similarly from the equation (16).

To find the abcissa corresponding to maximum )’ the equation (16) can be
expanded and written as

xt—2x8—x2+ 2x N x3—

. x
y' = 0.00003 53 . 23— . — —
0.000004x -~ 0.021491 - (17)
Equating the derivative of the equation (17) to zero, i.e.,
4x3—6x2—2x+2 3x2—1 2x—1
0.00003 —a —_0.000023 g . 3

..(18)
and solving the equation (18) for x by the Newton’s method, the abcissa which
maximises y” on second iteration is 0.4956. Substituting this value in the equation
(16), the maximum »’ is 0.021559. Both these estimates agree well with the tabled
value.

Gulland (1961) and Allen (1967) have also described some simple methods
for analysing the effect of mesh changes on the yield by keeping F as constant.
While handling the yield-intensity curves, it might be useful to be able to find
the value of F'at which a given /, would become the /; ms=- This would avoid the need
for referring to the eumetric fishing curve although a few estimates of Iy maz
for equally spaced values of x are required. It may also be necessary to estimate
the change in the fishing intensity needed to alter the yield or the catch-per-unit-
effort to a particular level either for a given mesh-size or along the eumetric yield
curve. Since this is essentially a problem of solving for x corresponding to a
particular value of the given function f(x), some method, such as the inverse inter-
~ polation should be applied.
- The term inverse interpolation is used for ﬁndmg from a table of y= f(x) the
value of the argument corresponding.to an intermediate value of f(x). Even if the
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function y=f(x) is known, the exact solution of x is difficult if f(x) is higher than
a quadratic. However, reliable estimates of x can easily be obtained by the
numerical solution of equations. Very often when the function is not known, the
numerical solution is done using an approximating function. Of the different
methods, the successive approximation and newton’s method of approximate
solution of equations are discussed.

Successive approximation :  Although this method is generally treated under
inverse interpolation, it is essentially one of numerical solution of an equation by
iteration. The function y=f(x) is first equated to zero and then expressed in the
form x = F(x). e (19)
Progressively better estimates of x are then substituted in the right-band side of
equation (19) until the root is obtained to the desired accuracy. Taking the Gauss’s
forward difference equation, the first approximation of x, by neglecting terms con-
taining second and higher order differences, will be '

t MY ‘
0
Xy = Ao N )]
If the third and higher differences are neglected, the equation (12) becomes’
Ve = py + 510y + 52\ (21
so that the second approximation of x is
::2 — }’k_YO
AJ’o*f‘ Ag}’- . '(22)

By neglecting fourth and higheér dlﬁerences the third approximation of x is obtained
from . '
A }’k—}o

X3 = n
A+t Ay, +(x"+” Ga=1)

A%, e (23)

Higher approximations are obtained similarly.
Using the North Sea plaice data value of F is estimated by the above method
for I; mez=45.28 cm (Table V). Thus from the equation (20)

A 45.28—46.25

1= 71205
= —0,80498.
A A
Substituting this value for x1in the equation (22), xe= — 0.504557. Continuing the

A .
third to fifth approximations, xs=-—0.5613. The unit of abcissa being 0.3 and
the origin being at F == 0.9, on transforming back to the original scale

F=0.9—-0.5613 x0.3 = 0.7316

This is a good approximation since from Table II, when F=0.73, [ nez=45.273 cm.
Successive approximation based on Newton’s advancing difference formula
can be applied to find F at which the size at recruitment, /, will be the optimum
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size of exploitation, I, mex. If extrapolation outside the range of given values of /: max
is needed, it may generally be done for one unit of abcissa provided that the unit is
small and the function runs smoothly near the ends of the range of the given values
of x (Scarborough). The use of the equation (12) will also require a few theore-
tical estimates of /. ma: which are less than /..

Freeman has indicated that the accuracy in successive approximation is

greater if the interval of tabulation is small and if the required root is close to the -
value of x corresponding to the ordinate at which interpolation begins. Also if

" Ay: has n sigoificant Figures, J? will also be accurate at best only to n significant
digits although usually the last digit is doubtful.

Instead of using a difference equation as above, successive approximation
can also be done using a polynomial (see Scarborough). Thus using the equation
(9) for the above example

; _ 45.28—40.0
T 0.0075635%_,—0.120625x% 1-+0.777188x%_1—2.725625%n.1--6.3115

(28
~ From Table V when I mas is 45.28 cm F is approximately 0.75 so that in the
transformed scale of the polynomial

A 0-75—-0.3
03 =L5

] =

A
Substituting 1.5 for xa_, in the above equation

A 528
Xg == 3603 =1.4654
Continuing further approximations
A
x5 = 1.43979

and converting back to the original scale
F=0.7319.

As in successive approximation using a difference equation, here also the
terms containing the powers of x can be ignored initially, by successively introducing
higher degree terms for iteration. But convergence will be somewhat slower because
when nthh degree term and above are omitted from a rational integral function the
truncated function will be different from a polynomial of degree n-1 fitted to
the same data. This is not the case when a difference equation is used for
iteration. :

Newton's mcthod of approximate solution of equations—Krishnan Kutty (1970)
has suggested this method to find the optimum size of exploitation, /; msz from the
equation describing the eumetric fishing curve. Given any value of the function
¥=J(x), the corresponding abcissa is obtained by equating the function to zero
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and solving for x. For this, the Newton’s method of solution by iteration uses the
relation

A fxa)

Xn= Xn.1 — —F——

S (%a.1) . (25)

A A A
where x, and xn.1 are the nth and (n-1)th approximation of the root, f(xn.1) and

f ’(;,,_1) are the values of the function and its derivative with respect to x obtained by
substituting x,_1 for x. The first approximation is obtained graphically, and from
the equation (25). the root is obtained to the desired accuracy by successive approxi-
mation. It may sometimes be necessary to replace the exact function by an approxi-
mate function if the former is unknown or for minimising computation. Thusif a
Table of y=/f(x) is given for equally spaced values of x, the exact function can be
replaced by a polynomial of either form discussed above. If [ maz or the yield
values are available over a range of F, the fishing mortality corresponding to any
intermediate value of the ordinate can be solved easily by substituting the approxi-
mate function in the equation (25).

The calculations required for obtaining a value in Table I 1s given here in
detail to illustrate the application of this method in yield studies. The fitted poly-
nomial to y'nas values in Table IIb (M/K=1.5) of the Beverton-Holt Table of yield
functions for the values of E between 0.15 and 0.90 at intervals of 0.15 is

¥ maz = 0.000000892x5 — 0.000016125x* + 0.000201958x3 —-l0.00254488x2 +
0.01657715x -+ 0.019488 ....(26)

and the derivative
—a—'yd—:—“f— = 0.00000446x1 — 0.0000645x3 + 0.000605874x2 — 0.00508976x +
0.01657715. (27

Assuming that the conversion factor for changing 3" to the corresponding yield-

per-recruit is 4354.99, the 1}%';- corresponding to y'mez of 0.033707 at E=0.3,

is 146.793648 g. Since the additional effort needed to increase the ;{i';- by
one gram 1s to be determined, the corresponding y'mez 15

' 147.793648

Y mez = W = 0.03393662.

In order to find the corresponding abcissa from the equation (26), by using the
Newton’s method it is first equated to zero to get

0.000000892x> — 0.000016125x4 -+ 0.000201958x3 — 0.00254488x2 +
0.01657715x — 0.01444862 = 0 ....{(28) .
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Since the derivative of the equations (26) and (28) are the same and x,=1 (i.e.,
E = 0.3, in the original scale), the values of equations (27) and (28) are 0.01203322
and —0.00022963. Substituting these values in equation (25)

) ,
xe = 1.019083
Transforming back to the original scale,
E = 0.30286245.

Since the assumption that M=0.1 and catchability =0.0000526 are made for drawing

. F
1 =t
up Table I and since E Fyit’
ME
F=+—fg | ...08)

and from this by substitution we get F=0.043443. The corresponding fishing effort is -

~

F= _g%%‘g—;g — 825.9 units -

Limitations—When f(x) is nonmonotonic over the x-interval, ie., when it
does not uniformly increase or decrease, $o that its derivative vanishes at some point
‘corresponding to a maximum or a minimum point in the curve, the successive
approximation will not be accurate in this region of the curve (Hildebrand). .
Scarborough has pointed out that the Newton’s method of solving the equations
should not be applied if the curve is nearly horizontal in the neighbourhood of the
root and the method fails in the region where f*(x) is zero.  Hilderbrand has also
indicated that iteration by the Newton’s method may not converge to the desired
root if the curve representing the function has turning points or inflections in the

A

interval between x=ux, and the true root or between ;1 and .‘7\:2. Hence, given the
function f(x) and the maximum value of the ordinate or the values near the mode,
the corresponding abcissas cannot be obtained accurately by these two methods.
Scarborough gives certain conditions of convergence to be satisfied for applying
these two methods. Although these tests were found applicable to yield curves also,
this difficulty can be avoided in yield studies by making the data monotonic by
suitable transformations, as for instance, by choosing either the catch-per-unit-

effort or % values instead of yield-per-recruit; or as suggested by Scarborough

the regula falsi method of iteration may be chosen.

The abcissa corresponding to a value near the maximum yield-per-recruit
is obtained below by successive approximation using the tabular values given by
Beverton and Holt. (1957, p. 311) for the North Sea plaice. The transformation
of the ordinates is effected by dividing the yield-per-recruit values by the corres-
ponding F (Table VI). The successively approximated values of the abcissa corres-

Yo

ponding to R

:]200, based on the Gauss’s backward formula with the origin

A A N A A
at F=0.3 are x1=—0.807, x,==—0.843 (—0.85 is used as xz for obtain%pg Xs)
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"Cs-- —0.8547 (—0.8548 is used as xa to get x4) and x4—- —0.85. On transformmg x,
back to the original scale, F=0.215 and the yxe1d~per-recrlut is.

Yo

R = 1200 x 0.215=258¢g.

Y
R
correspondmg to F=0.215 is obtained for comparison from the polynoxmal instead
of obtaining it by direct interpolation. The fitted polynomial is

;}‘i 5.070825x* — 66.8166x3 4 372.77066x% — 1173 0749x + 2148.20. ..(30)
—0.1
0.1

the corresponding yield is

Yo ' hen F=0.215, is 1199.40227 and

From the equation (30), R

where x=

%:=1 199.40.215=257.87 g.

" The two estimates are in close agrcement. The same result may also be obtained
by the Newton’s method of iteration.
In the above example even though -0.85, which happens to lie very close to A

the real root, was substituted for JC2, xa was found to be less accurate than -0.85

itself. This is because the successive iterates are generally closer approximations only

when compared to the preceding estimate, but the substitution of a value close to
the root will evidently reduce the error in subséquent estimates. For instace, if
-0.843 was used for the third approximation, the third and fourth estimates of x
would be —0.8569. and —0.8493 respectively, both being less accurate values. The
third and fourth approximations seem to lie on either side of the root although

;4 is closer to the root. Unlike the successive approximation, the Newton’s method
of iteration always gives a better estimate than the one which is actually substituted
in the formula, provided that the method is applicable.

When the successive approximation was carried out on the original data
(Table VI) using again the Gauss’s backward formula with the origin at F==0.3, in
order to find the abcissa which corresponds to the y1eld-per-rccru1t of 258 g, the

successive iterates were found to diverge the values being X1-—-—I 145, xw—

~-1.333867 and xs=4 78127.

Freeman indicates that when direct interpolation to nth differences is accurate
enough for ¥ the inverse interpolation to » th differences may or may not be equally
accurate. Thus a better interpolation of x from the table of y=f(x) may some-
times be obtained by neglecting higher differences. Although such instances are
not common he has briefly discussed how to determine whether or not higher
differences should be ignored taking a third degree curve as an example. The same
method may be applied when the exact form of the curye is not known Thus, asing
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the equation (12) when only the first three terms aré used for estimating yx, the
error, by ignoring the third differences and above will be equal to the sum of the
terms omitted, i.e., the error,

—1)(x+1 _ _ ‘ |
EQL__)L’iLAs, x(x 1)(x+1)(x D pyate | @
where € is the truncanon error mherent in the equation (12), If the ﬁrst four

terms are taken, the error,

Eu— »x(x—l)(xz—jl—l)(x—z) Alyate ..(32)

E3 =

The term € may be cancelled from (31) and (32) since it is common to both and
giving new notations E’; and E’s,

x(x—1)(x+1)
6

E's= A%y.a+E'y . (33)

Rewriting the first term on the RHS of (33) in terms of E'y,

. x(x—l)(x+1)(x —2) i ( 4 A3y, .,
E 3= 24 A )‘-—2 x__z A‘*y 2) E 4 .-..(34)
Hence
' ' 4 A3y )
E's=F .
, o ( =2 AweT ) (35)
AN . . . ;o
If the term =2 T Adpa in (35) is negative and | <2 |, E's will be less

than E’s. Hence the third and higher differences are to be ignored. Thus if we are
interested to know whether r th differences and above should be neglected for a
better interpolation of x, the truncated difference equation should have n-+2
terms, the last term containing (n-41th difference coefficient. And in

r n+1 n th difference 1 1|
E "_E ‘+1< [New factor added, when ><(u+1)th diﬁ‘erencc+ -...(36)
compared to the #th term, to |
to the numerator of the .
coefficient of (n+41)th diffe-
[ rence term] )

the first term in the bracket should be negative and | <2 | .. ‘'When equation (11) or
the advancing difference formula is used (36) becomes )
g g [l AND

.E ﬂ=E ",*_1( Y—n . An+1yo +1 ) |

where Ay and AnH yo are the ath and (n+1)th leading differences. The value

of x to be substituted i in equation (36) or (37) should be as close as possible to the
required value of x.

.~ The equation (36) is applied below to the data in Table V to verify whether

the third difference interpolation is better than the interpolation to fourth differences.

Since the value of x corresponding to y, =45.28 cm is expected to lie between 0 and
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-1, x=—0.5 is substituted in the first term inside the square bracket - in. the :
equation (36) to get _' : : o s
5 -8 | |
- -0.5+2 0.9075

This quantity being numerically greater than 2, the mterpolatwn is to be continued
beyond third differences. This is as expected _judging from the example worked out
under successive approximation. :

—3.99"

Fitting of yield curves when natural mortality varies with age

The techniques described above for fitting the various yield curves can also be
applied when growth is allometric and when natural mortality varies 'with age, but

Yo
R .
subjected to slight errors in measurement.* Tabular values should be as accurate
as possible if the above techniques were to yield reliable results. Hildebrand has
pointed out that a polynomial approximation of a function obtained by fitting a set
of tabular values exactly at all the points will have a curve that oscillates about the
curve representing the true function if these values are not reliable. Besides, even
when the deviation between the approximating function and the exact function is small
throughout the interval, their slopes might still differ significantly. Any computa-.
tion based on such an approximating function will not therefore be accurate, especially
if the calculations involve the use of the derivatives of the function. Least-squares
polynomial approximations are possible but these are cumbersome. However, in
yield studies, it would generally be sufficient if the yield-per-recruit values for the
purpose of fitting the yield curves are obtained by approximate integration instead
of estimating them directly from the yield equation. If the assumption can be made
" that the growth in weight, like the mortality rates, is exponential within each time

the computations of and /; me= are now more tedius. Moreover these are also

interval, then ]—;';— can also be obtained with the help of Ricker’s (1958a) yield

equation which uses an exponential—average biomass, for computing the yield. The
Is maz values required for fitting the eumetric fishing curve can be obtained by fitting
a polynomial to the y1e1d mesh curve, and equating its derivative to zero and

solving for I.. The I maz value for fitting the eumetric yield curve can be

R
obtained directly from the polynomial fitted to the various yield-mesh curves by
substituting the corresponding /; mer values. If the polynomial is in the form of a

*If the growth in length follows the von Bertalanffy pattern, the general form of the simple
Beverton-Holt yield equation given in Appendix I will be quite accurate for all values of the length-
weight exponent although the model in this form becomes somewhat empirical. However, when the
length-weight relation is anisometric and an aliometric growth formula or a polynomial is to be fitted,
the weight-length data should be extensive and should include all size groups,  at least above the size
at which recruitment occurs so as to avoid any.-serious errors in yleld estimation (Beverton and Holt
1957, p. 280).
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djﬁ‘eréncc equation, the central difference formula may be preferred to obtain
_%"; I; maa by direct interpolation, using /e maz in the trans_forméd scale for xx.

" The advantages of approximate integration in the yield estimations are already
pointed out by Krishnan Kutty (1968b). When the ordinate is a function of two
variables, so long as one can be expressed as a function of the other, the values of
definite integrals can be obtained by single integration. Hence, the ordinary
- methods of approxlmate mtegratlon can be applied, even when M varies with age,

ta. obtam an accurate estlmate of the yield provided that the integrand (%) is

known for as many equ1dlstant abcissas as are necessary and it describes a smooth
curve. If M is assumed to vary abruptly, as it is sometimes done, it is better to
subdivide the interval of integration so that M is constant within each subdivision,
and then perform the integration separately for each subinterval. Only two of the
most common formulae are given below. By applying Simpson’s rule of approxi-
mate integration, the total yield over the éxplo_itable phase of the population is
obtained from the relation

where A is the unit by which the interval of integration is divided into n “equal parts
A
where n is an even number and hence has a width equal to w years wheére A is

the exploitable phase of the populatlon and yo, Vi Yoorovvnn Ya are the values of
the integrand, FN:W. corresponding to to=ty, hH=ty'+h, te=ty+21,..
ta=t,"+nh or ¢ and N; is the. number of ﬁsh of age 1, W, is the weight of an
individual fish at age ¢, t,* is the age of first full exploitation and ¢, is the age at
which the fish disappears from the fishery. Applying a more accurate formula
known as Wedder s rule

Ye= [ Yo+ 51+t 6ys+yat 5ya-r23’s+ Syt + 6)’9+}’10+ Syt '

2_}’12'*‘J ......... X -2}’n_s+53"ﬂ-5 +J"ﬂ—4+6) 3+)ﬂ 2T 5_}’ _l+}’n ]

: -.(39)
Thc law of formation of thls equation is that the successive coefficients of y1, V2o Yno1
are formed in order by the numbers in the set 5, 1, 6, 1, 5, 2, the set repeating 1tse1’f
until the coefficient of y,,.1 is written out. The coefficients of y, and ya are unity.
One requirement in applying Wedder’s rule is that the number of subdivisions n
should be a multiple of six. Computation is made simpler by groupingall y¢ which
have the same coefficient. '

Better methods than the above two have been described by Scarborough,
but these are laborious. The equations (38) and (39) are quite accurate and the error
in using them can be minimised by dividing the interval of integration into suﬁicxent
number of small units.
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. 'When natural mortality varies with age, and the age is also dlfﬁcult to read,
it may not be possible to apply Holt’s version of the yield equation and one may
have to use the original Beverton-Holt model. Likewise the approx:mate integration
may only be possible if the integrand is of the form FN:W,, ie., as a functlon |
in time ¢. - o

DiscussioNn

The population models commonly employed in fisheries management are those
of Beverton and Holt (1957) and Schaefer (1954). However, conservationists (mostly
biologists) and the economists often disagree on the optimum level of fishing. - The
latter criticise the application of (a) Schaefer’s model by pointing out that Schaefer’s
maximum yield can be obtained only at a fishing level in excess of the economically.

optimum level, and (b) the Beverton-Holt model by indicating that here the
maximum yield is obtained only at a very high fishing intensity and that the econo-
mlcally optimum level of fishing cannot always be obtained from this model.
~ ,Some of the interesting properties and limitations of these two types of
models have been discussed by Beverton and Holt (1956, 1957), Dickie (1962),
Schaefer (1967) and Schaefer and Beverton (1963). Schaefer and Beverton (1963)
are of opinion that the choice of the model often depends on the available infor-
mation. The main difference between the two models is that the Schaefer’s model
is based on the assumption that the environment is limited and therefore the
population growth is density-dependent.. The assumption, on the other hand, in the
simple Beverton-Holt model is that the population is largely density-independent
with recruitment, growth and natural mortality remaining constant. The main
limitation in Schaefer’s model is that it ignores the effect of the different age com-
position on population growth and therefore on the yield, being concerned only
with the total biomass present at any one time. The efiect of mesh size on the yield
cannot therefore be predicted by this model. Hence this model may be more suitable
for short-lived populations where gear-selection is not an important consideration.

The assumption of Beverton and Holt that recruitment, growth and morta
lity remain constant has been similarly questioned. Thus, Schaefer (1967) has indi-
cated that the assumption of constant and density-independent growth and natural
mortality rates are not realistic for many populations and that the recruitment often
shows wide fluctuations. Although the growth of the fish is highly plastic
(Beverton and Holt 1957), wide fluctuations are not of common occurrence in
marine conditions (Beverton 1962). Much less is known regarding the variations
in natural mortality although it is likely to be higher in the pelagic group such as '
the clupeoids. Fluctuations in recruitment are, to a large extent, due to the effect
of environmental variations during the early life history stages “(Gulland, 1962).
Studies made by Beverton and Holt (1957), Ricker (1958b) and Larkin and Ricker
(1964) indicate that when recruitment variations are density-independent, the
best long-term average yield can still be obtained from the simple Beverton-Holt
model. Beverton and Holt (1956) have also shown that over a large range of fishing
mortality the population biomass changes only slightly so that over this range their
model can still be applied to populations which are subjected to moderate density-
dependent effects. ' ’
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Recently Gulland (1968 b) has expressed the view that because of the assump-
tions involved in these two models, their predictive value with respect to most
fisheries is not yet established except in rare instances like the blue whale stocks in the
~ Antarctic which has a closely fitting yield parabola. The yellowfin tuna. population
also secems to be better represented by the logistic model (Schaefer 1967).
Beverton’s (1962) analysis of the North Sea plaice data similarly justifies the assump-
tions in.the Beverton-Holt model at least with respect to this species. Extensive
information on other populations is required to test these models. Nevertheless,
Gulland’s (1968 a, b) studies of (a) the relation between the catch-per-unit-effort
and fishing intensity and, (b} the marginal efficiency, indicate that, for many marine
fisheries, the predictions based on the Beverton-Holt model may be more realistic
than those based on Schaefer’s model.

If the main characteristics of the population are known and as long as the
assumptions are reasonable, regulatory measures based on population models will
at least be more reliable than when they are not, as the models make' use of all the
available informations related to the population. But Beverton and Holt (1956)
and Dickie (1962) have suggested that the yield parabola, based on the logistic
model, is only one in a whole family of curves resulting from the exploitation of the
stock at different mesh sizes. It seems, therefore, reasonable to compare Schaefer’s
yield curve only with the yield-intensity curve of Beverton and Holt for the same
mesh size. From the shapes of the two curves the respective yield maximum may
be obtained only at different fishing levels. But in both cases, at the point where
the yield is maximum, marginal yield is zero (Gulland 1968 ¢). Since maximum
profit can be obtained only at the level of fishing intensity where marginal yield
equals marginal cost (Gordon 1953), the argument put forward by the economists
that the fishing intensity required to obtain' Schaefer’s maximum is not economi-
cally optimum, seems valid. '

However, as suggested by Dickie (1962), the eumetric fishing curve of
Beverton and Holt does not advocate fishery regulations for obtaining a unique
maximum sustained yield, on the other hand it indicates the conditions of maximi-
sing the yield at each level of fishing. Thus by ignoring the uncertainties in biological
conditions, the optimum fishing level normally lies along the eumetric fishing curve,
because this curve gives the maximum catch-per-unit-effort at any fishing pressure.
The next question is whether the eumetric fishing/yield curves can be used to obtain
the economically optimum fishing conditions. Beverton and Holt (1957) have dis-
cussed the construction of the eumetric value curves based on the eumetric yield”
curve for arriving at the economically optimum fishing level. They conclude that
generally the marginal cost of fishing and the price of the fish may be treated as cons-
tants over a large range of eumetric yield curve for a first approximation of the
eumetric value-cost curves. - The maximum profit level of fishing may thus be read
directly from these curves or by noting the fishing intensity at which the marginal
product curve cuts the marginal cost curve. If the marginal cost and price of the
fish are constant the optimum fishing level can also be evaluated by successive
approximation using the estimates of marginal product. The marginal product
Is obtained by multiplying the marginal yield by the price of the fish. The marginal
y;‘eld—per—recruit may be estimated from the approximate derivatives such as the one
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given in Appendix I for plaice by converting it to ‘ ﬁ- - Finally, the marginal

af

Yo

yield is obtained by multiplying ———IS; with R or the number of average recruits
df ,

entering the fishery annually. It can be seen from Appendix I, that if the maximum

profit level is estimated by equating the marginal product and marginal cost, it

is much easier to use the approximate derivative than the total derivative of the

eumetric yield curve. A method which is easier than equating the marginal product

and marginal cost is to fit a suitable difference equation to the profit at different’
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fishing . mortahttes and then equate its denvatlve to zero and solve for x by the
Newton’s: method of iteration.

‘In Fig. 7 the total production along the eumetric yleld curve and the total
cost curve, with-their marginal production and cost, are shown for hypothetical fishing
and marketing conditions. The biological data of the North Sea plaice has been
used for calculation and an annual recruitment of one million fish is assumed.
The catchability is taken to be 0.001. The marginal cost is not assumed constant
and is always higher than the average cost, ‘since the total cost is estimated from the
quadratic equanon

, Total cost (Rs)=320 f+0 16 f - ..(40)
where f is the total number of fishing units. The price of fish is kcpt constant at
Rs 3/-perkg. In Fig..7 the maximum vertical distance measured between the total
production (TP) and the total cost (I'C) curves corresponding to the point where
their tangents are parallel is at F=0.45. The marginal production (MP) and the
marginal cost (MC) curves cut at F=0.465. The maximum profit level obtained
by solving the derivative of the difference equation fitted to the profit data is at
F=0.48. The estimates of maximum profit corresponding to these fishing levels
are Rs. 979218, 979586 and 979488 respectively.

According to Beverton and Holt (1957) the fluctuations in the recruitment will
" be reflected more on the yield when the mesh size is high than when it is low.
Aslong as changes in abundance are erratic, maximum long term average profit may
still be obtained if an average estimate of the recruitment is used for calculating the
total production. The analysis by Beverton (1962 ) and Gulland (1962) of the
fluctuations in the recruitment give some support in using the best estimate of the
average recruitment for making such evaluations of at least certain marine fisheries.

Scott (1962) has suggested that under certain conditions the eumertric yield
curve may fail to give the conditions of optimum exploitation. According to him,
the eumetric value-cost curve, based on the eumetric yield curve, does not consider
all the economic conditions necessary for maximising the profit, since the pro-
duction and cost curves are often functions of many variables. The production
curve depends on the yield and price. Of these, yield is a function of growth,
recruitment and natural and fishing mortalities. Likewise the price may also be-
dependent on a number of factors. The total cost may be a function of fishing effort,
mesh size, etc. Maximising the profit, therefore, depends on both biological and
economic conditions. The problem is thus reduced to finding the best combination
of these variables which will maximise the difference between total production and
total cost.

" Scott also indicates that if the regulatory measures are introduced, there is
often a time lag before the population settles to a new age distribution characteristic
of the altered fishing intensity andf/or mesh size. Hence, in a multiple age class
fishery the C/U/E, which may now be less than that of the pre-regulatory level,
improves only gradually to the expected level so that the cost of waiting should also
be added to the total cost. Depending on the position of the pre-regulatory fishing
level in the yield isopeth diagram, the C/U/E, on introducing regulation, may also
increase gradually to the anticipated level without an initial decrease. Under
conditions of cacometric under-fishing (see Beverton and Holt 1957) the immediate
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" TasLE VII

Per cent change in yield and c_arch-per-unit-eﬁ'art (CJU[E) for a hypothetical population- using the
Beverton-Holt table of yield functions. (Estimation of the immediate yield following regulation
is given only for cases where regulation involves an increase in mesh size only.

Data used : L o =69 cm, M=0.1, K=0.066667,'carcizability=0.0000526.)

_ Mesh size alone is changed

Mesh size is increased Mesh size is decreased

Baseyear . . F=03 1,=22.08 cm F=03,  [l,=552cm
- % change in yield and CJ/U/E
" Fully vulnerable — —A -—
size after Immediate 9%  Ultimate %  Fully vulnerable  Ultimate %
regulation (/) - decrease increase size after " increase
regulation (/)
27.6 293 242 48.3 33.0
4.5 62.8 48.4 414U mar) 8.2
41.4(¢ maz) 85.4 58.5
Base year F=0.9, . 1,=22.08cm F=:0.9, le=552cm
27.6 73.6 43.3 48.3 . C 273
34.5 97.0 92.9 ‘ '
41.4 99.8 123.6 44,16 (!, maz) 31.2

44.16(!; maz) 99.96 171.0

Mesh size is increased but F is reduced*

Base year =0.3, = [I,=22.08cm F=0.9, [.==22.08cm

When l,=27.6cm When [,=27.6 cm -

— A L r ~A ]

F % change New C/U/E as % change  New C/U/E as

in yield a multiple of F in yield a multiple of

the base year ) the basé year
0.15 31.7 2.634 0.4 64.0 3.689
'0.10 o217 " 3.831 0.3 71.9 5.157
0.0667 16.2 5.226 0.15 824 10.094
0.0333 —14.8 7.678 ©0.0333 : 18.0 32.896
when 1,=34.5 cm : when /,=34.5 cm

0.15 ‘ 44.5 2.890 0.4 103.1 4.570
0.10 34.2° 4.027 0.3 105.5 6.164
0.0818 26.8 4.651 0.15 160.1 12.004

0.0818 75.6 19.323

*F is reduced until the I, becomes its /, maz
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TapLE VI (Contd.)

Both mesh size and F are reduced

Base year F=0.3, 1,=55.20cm F=0.9, 1,=55.20 cm
When /,=48.3 ¢m " When [.=48.3 cm
F ‘ " %change NewC/U/Easa % change New C/U/E asa
in yield multiple of F in yield muttiple of
the base year the base year
0.15 16.1 . 2.322 0.3 17.8 3.535
0.10 1.7 3.050 0.15 2.8 6.169
0.0667 —15.0 3.823 0.10 —10.0 8.104
0.0667 —24.7 10.158
when [,=41.4 cm ‘ when I,=41.4 cm
0.15 31.0 © 2,619 0.30 26.08 3.804
0.10 . 17.7 - 3.531 0.15 16.0 6.959
0.0667 0.6 4,525 0.10 4.2 9.380
0.0667 —10.9 12.023

increase in C/U/E can be even more than the ultimate increase. Such extra benefits
may also be considered in maximising the profit.

In Table VII the per cent change in C/U/E after the introduction of regula-
tion is given for a hypothetical example using the Beverton-Holt (1966) Table of
yield functions (Table I, M/K=1.5). - When mesh size is increased, there is an
immediate decrease in yield and C/U/E, but the actual decrease will be less than
what is shown in the Table, because following an increase in the mesh size fishing
power also increases. An increase in fishing power will exert a beneficial influence
on the catch-per-unit-effort, total cost and the marginal cost. If the effect of a
larger mesh size is to reduce the construction and operational cost and if the price of
the fish is constant, the economically optimum F and the mesh size and hence the
eventual profit may also be expected to be slightly larger than that read from the
eumetric fishing curve. When the minimum size of the fish is increased from 22.08
¢m to 34.5 cm or more, and F is kept constant at 0.9, the immediate C/U/E almost
drops down to zero, but the ultimate value is more than double of the original. A
sharp increase in the C/U/E is noticed with increase in mesh size provided that the
fishing level is reduced. When the mesh size is decreased, its immediate effect is
to increase the C/U/E. From Fig. 4, even when the fishing intensity is high and a
large meshed net is used a reduction in the fishing level sharply increases the catch-
per-unit-effort. The comparison here is confined to the region bounded by the
eumetric fishing curve and its complement. Since the fishing mortality tends to
stabilise at a level, where the average cost=the value of the C/U/E, a reduction from
this level to that of the eumetric fishing curve will result in a further increase in the
catch-per-unit-effort. " When both the mesh size and the fishing intensity are altered,
many fold increase in C/U/E can be expected (Table’ VII). Hence, under certain
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fishing conditions, a significant increase in the C/U/E is possible from the regulations
based on the eumetric- yield curve. : : :

To sum up, the eumetric value-cost curve of Beverton and Holt (1957) consi-
ders some of the important factors of production. It is also a valuable tool of
prediction even when the population is moderately density-dependent. - Further
attempts to maximise the profit giving due consideration to all economic factors are
only improvements in this basic approach. There is no approach which can ignore
the biological characteristics of the population. It i$ often due to limitations in the
data that one is forced to rely on the simplified eumetric value-cost curve.

ACKNOWLEDGEMENTS

The author is grateful to Dr. N. K. Panikkar, F.N.A., Director, National
Institute of Oceanography, India for his interest in this work and for constant encour--
agement. Grateful thanks are also due to Dr. S. Z. Qasim, Director, Central Marine
Fisheries Research Institute, India and Mr. R. Jones, Marine Laboratory, Aberdeen,
U.K. for critically reading the manuscript and suggesting improvements. The assis-
tance in mathematics rendered by Prof. E. N. Vasudevan Namboodiri and
Shri K. V. Achuthan Kutty, F.I.A. are gratefully acknowledged.

REFERENCES

Allen, K. R. (1953). A method for computing the optimum size limit for a fishery. Nature, London,
’ 172, 210.
(1954). Factors affecting the efficiency of restrictive regulations in fisheries management.
1. Size limits. N. Z. JI. Sci. Technol., B35, 498-529.
(1966). A method of fitting growth curves of the von Bertalanfly type to observed data. J.
Fish. Res. Bd. Can., 23, 163-179.
{1967). Some quick methods for estimating the effect on catch of changes in size limit.
J. Cons. perm. int. Explor. Mer., 31, 111-126.
Beverton, R. J. H. (1954). Notes on the use of theoretical models in the study of the dynamics of
exploited fish populations. Misc. Contr. biol. Lab. Beaufort, 2, 181 pp. mimeo.
(1962). Long term dynamics of certain North Sea fish populations.In :  The Exploitation of
Natural Animal Populations, ed. by Le Cren, E. D., and Holdgate, M.W. British Ecol. Soc.
Symp. No. 2, 242-259. ' .
Beverton, R. J. H. and Holt S. J. (1956). The theory of fishing. Iri: Sea Fisheries, their Investigation
in the United Kingdom, ed by Grhahm, M. Edward Armold, London, pp. 487.
(1957). On the dynamics of exploited fish populations Fishery Invest. Lond., Ser. 2, 19.
pp. 533. :
* {1966). Manual of methods for fish stock assessment. Part II. Tables of yield functions:
Fish tech. pap. FAO, No. 38 (Rev. 1), pp. 67.
Dickie, L. M. (1962). Effects of fishery regulations on the catch of fish. In : Economic Effects of Fishery
Regulation. Fish Rep. F. A. O., 5, 102-133,
Freeman, H (1960). Finite Differences for Actuarial Students. University Press, Cambridge, pp.228.
Gordon, S (1953). An economic approach to the optimum utilization of fishery resources. J. Fish.
Res. Bd. Can., 10, 442-457. . C
Gulland, J. A. (1961). The estmation of the effect on catches of changes in gear selectivity. J. Cons.
perm. int. Explor. Mer., 26, 204-214. o '
(1962). The application of mathematical models to fish populations. In : The exploitation of
Natural Animal Populations, ed. by Le Cren, E. D., and Holgate, M.W. British. Ecol. Soc.,
Symp. No. 2, 204-217. o . ‘
(1968 a). The concept of the marginal yield from exploited fish stocks. J. Cons, perm. int.
Expior. Mer., 32, 256-261. . “



OPTIMUM EXPLOITATION OF FISH POPULATIONS 142

(1968 b). “The concept of maximum sustainable yneld and fishery management. FAQO Fish.
tech. Pap., No. 70, pp. 13. "
Hnldebrand F. B. (1956). Introduction to numerical analysis. McGraw Hill, New York, pp. 511.
Jones, R.(1957). Amuch s1mphﬁed version of the fish yield equation. Lisbon joint meeting of ICNAF
ICES/FAO, 1957, Document, (P21), pp. 8, mimeo.
Krishnan Kutty, M. (1968 a). Estimation of the age of exploitation at a given fishing mortality, J.
Fish. Res. Bd. Can., 25, 1291-1294.
(1968 b). Some modifications in the Beverion and Holt model for estimating the yield of
exploited fish populations. Proc. natn. Inst. Sci. India, B 34, 293-302. i
(1970). The estimation of optimum conditions for regulating a fishery when growth and
mortality rates are unknown. Proc. Indian. natn. Sci. Acad., B 36, 21-32,
Kiishnan Kutty,-M., and Qasim, S. Z. (1968). The estimation of optimum age of exploitation and
potential yieid in fish populations. J. Cons. perm. int. Explor. Mer., 32, 249-255.
Larkin, P. A., and Ricker, W. E. (1964). Further information on sustained yields from fluctuating
environments, J. Fisk. Res. Bd. Can., 21, 1-7. '
Parker, F. D. (1958). Curve fitting. Paper read at the Alaska Scicnce Conference, 1958. pp. 5, mimeo.
Ricker, W.E. (1945). A method of estimating minimum size limits for obtaining maximum yield.
Copeia, 84-94. ’
(1958 a). Handbook of computations for biological statistics of fish populations. Bull.
Fish. Res. Bd. Can., 119, pp. 300,
(1958 b). Maximum sustained ylelds from fluctuating environments and mixed stocks. .I
Flsh Res. Bd. Can., 15, 991-1006.
Scarborough, J. B. (1966). Numerical Mathematical Analysis. Oxford and IBH publishing Co.,
Bombay, pp. 600. )
Schacfer, M. B. (1954). Some aspects of the dynamics of populations important to the management
of the commercial marine fisheries. Buil. inter-Am. trop. Tuna Commn. 1, 25-88.
(1967). Fishery dynamics and present status of the yellowfin tuna in the eastern Pacific
Ocean. Bull. inter-dm. trop. Tuna Commn., 12, 87-136.
Schaefer, M. B., and Beverton, R. J. H. (1963). Fithery dynamics—their analysis and interpretation.
In : The Sea, II ed. by Hill, M. N. Inter-Science Publishers London, pp. 554.
Scott, A. (1962). Economics of regulating fisheries. In : Economic Effects of Fishery Regulation.
Fish. Rep. FAO, No. §.
Wilimovsky, N. J., and Wicklund, C. (1963). Tables of the incomplete Beta function for the calculation
of fish population yield. Institute of Fisheries, University of B.C , Canada, pp. 291,




143 : M. KRISHNAN KUTTY

: APPENDIX T _ s
Although the following equations are derived from the simple Beverton-Holt
model, these have been given a more general form so as to accommodate both
isometric and allometric growth conditions. See also .the foot note glven under the
section, “Fitting of yield curves when natural mortahty varies with age”.
(a) Holt’s version of the Beverton-Holt yield equation. The yield per recruit,

. / e d—1- ' ( 1’_._£~)MhM L 1 Z'+
v. - Lo (L= V'
Leerwe (1-12)" DU ~(z2=1)

where rr takes succesively the valucs of 1, lf,—, : r(r2' R R

rlr—1) (r=2)e r—[(dd?')], r=the exponent in the lentth-weight relation,

d=number of terms obtained on expanding the Bentalanfly growth equation
in weight, F’=—II% , M’=MIE . Z'=—§‘, F, M and Z are instantanegus fishing,
natural and total mortality rates on yearly basis, K= ‘rate of attaining the asymptote
in Bertalanffy growth equation, We= asymptotic weight, l.= the size of first
exploitation, /; =the size at which the fish disappears from the ﬁshery, Leo= the
asymptotic length and /,=size at recruitment.

(b) The equation for the eumetric fishing curve given by Krishnan Kutty (1968,

1970) relating the size of exploitation and fishing mortality along the eumetric yield

F:UI'VC.
/
By Sty -- P S LB

(¢) Slope of the yield intensity curve or the derivative of the yield function
with respect to F'.

(
de _ ¢ M +
—dF=W=R L,—z] 1.‘,(,—1c z( Ly

[i-cx I
Z’+n Lcn [Laa—,c

dl — ’ r ’ 1
S b T I T
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(d) Slope of the eumetric yield curve

dYW Ic max an + 8Yw d ,g
dF’ oF ' " 3l dF'

Wheré g—;ﬂ is the slope of the yield intensity curve given above,

Y, _Wa:R Lco—-lc] Lo—1, . , ;
61:_14@_10 LQ'—I' Lm___lﬂ] z (—1) +1’- F [1 L
< F' (M'n) I r )
1, EAMtn) ‘ (Le—l \z'+n
Z( L 2 Lm) il (Lm—lc ) J>

n=0

which is also the slope of the yield-mesh curve or the derivative of the yield equation
with respect to /. and

r - *

< [1—%]" — Fla-e )
v+ LCB
—\n+ =_. 7 _ . = —
2 0=yl S b
n=0 n=0
L J
~ N
d-1 (M'-i—n)[ 1——]
—1n+1
z( Tyt ra (Z +n)
n=0 - Lo—I,
—+n
d—1 ’ oy I s [Lm—[[_
iy [ 1%
Z'+n
_n=0 .J
dl,
T s n- N
a d-! n(M'+n)[l—J-IZ——] '
—1)n+1 b
z( Byt ra T2 +n
n=0 F'4+-M'
- o] 15T Lol
L 1=0

-

which is the slope of the eumetric fishing curve.

(e) Approximate derivative of the eumetric yield curve for North Sea plaice
based on equation (10).

Yy
dk—lc maz

— =0.631665x4—8.211468x3-+ 39.892674x2-—~89.49955x- 86.22495
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Viles ——

E

.

L

[—11
—1

6
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—-50
-10

120
—274
225
—385
15
—1

720
—1764
1624
—735
175
—21
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APPENDIX II

Table of inverse Vandermonde matrices, 4! for fitting third to sixth degree
equations. Reproduced from F. D. Parker’s (1958) manuscnpt paper on curve fitting
with the author’s permission.

0

18
—15
3

96
—104

—4

0

600
—770
355
—70

4320
—6264
3480
—930
120
—6

0
-9 2
12 —3
—3 1
0 0
72 32
114 —56
—48 28
6 —4
0 0
—600 400
1070 —780
—590 ‘490
136 —120
—10 10
0 0
—5400 4800
10530 --10160
—6915 7440
2055 --2420
—285 360
15 —20

—2700
5940
—4605
1605
—255
15

—120
274
—225

—I15




