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ABSTRACT

The algorithm of Wanstrath et al (1976) for generating the
transtormation function which contormally maps the interior region
bounded by the shore line and the sea-ward boundary to a rectangulax
region is discussed. This transiormation, minimizes the difficul~
ties associated with the irregular boundaries and improves the
accuracy of the estimates in surge simulation problems. Using this
algorithm the mapping function is obtained for specified regions
along the east <oast of India.

1. INTRODUCTION

The storm surge detfined as the response of the sea level
near the coast to the atmospheric force field of an approaching
storm is generally simulated by selving the vertically integrated
form of the long wave eguations. The general difficulties of this
simulation problem are the representation of the irregular shore
line and the application of the shore poundary conditions., In most
of the studies connected with the numerical simulation of long wave
equations the irregular boundaries are approximated by orthogonal
straight line segments, called the stair-step representation. Such
representations not only involve complexities in specifying the
boundary conditions along the shore at the computational stage but
also, are likely to introduce inaccuracy in surge estimates near
the shore, which precisely is the region of interest in surge
simulation problems.

In order to minimize the dirfficulties associated with the
irregular boundaries, Wanstrath et al (1976) first transtormed the
specified region into a rectangular region through a conformal mapp-
ing before obtaining the solution to the governing equations in the
transformed plane. Thus the application of this procedure to surge
simulation involves two stages ot computation; the first stage is
-to find the transformation function which conformaly maps the
interior region bounded by the shoreline and the sea-ward boundary
to a rectangular region and the next stage is to solve the trans-
formed ditferential equation in the transtormed rectangular region
- the transformation being orthogonal, the modirication to the-

- governing equations are minimum,

This study is restricted to the development of a computer
program to generate the transformation function to conformally map
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the interior region bounded by an arbitrary curve into the interior
region of a rectangle. The computer program developed is based on

that of Wanstrath (1976) and it also incorporates certain improve-

ments, Using this program the transformation coefficients tor two

overlapping regions along the east coast of India that have exper-

ienced severe ptorm surges, were computed,

It may be pointed out here that this transformation tech-
nique is useful in simulation of certain processes in coastal areas
vwhich require the consideration of more realistic boundaries; for
example, Reld and Vastano (1965) have used a similar technique for
solving the problem of refraction of long gravity waves naar islands.

2. CONFORMAL MAPPING

‘  In this section the algorithm of Wanstrath et al (1976) for
generating the transformation function to transtorm any specifled
region to a rectangular region is discussed. Figure 1 shows the
region R in 2-plane which is to be transformed into the interior of
a rectangle in g ~plane., The region R is bounded by the coastline,
the sea~ward boundary and parailel lateral boundaries. The sea-ward
boundary is taken at a place where the depth of the sea bed increases
rapidly, i.e. at the shelf break. The 200-meter depth contour is

generally assumed to represent the shelf break.
Z — PLANE

’/// \\\ j
r" \\\ COAST Line
' Y
l .
L o

o7 " SEA -WARD ROUNDARY
1 5 > %
=Y A
a — PLANE
1

. , _ /'r

E = \’? =P E D
rd RT

Figure 1. A typical shelf region in the real plane and
in the transformed plane. ,
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The problem now is to find a suitable transformation
function '

z2=F (G ) (1)

wh&ez=x+iy.§=E+ i and i = N -1 such that the coast
line and the sea-ward boundary are mapped as isolines of the coor=-
dinate 77 (i.e., the coast line maps on to the isolinem = B , and

' the sea-ward boundary to the isoline M = -3 ) and the two lateral
" boundaries in the Z-plane are mapped as isolines ot the coorainate
¥ . The functional form considered tor the transtormation is the
trunctated Fourier series

-
?“E)'PO*QOZ*Z (P cos nkf + Q sin nkg ). (2)

n=l

where k = A /A and A is the length ot the shelf aiong the x-
direction. The coefficients P, and Qn are complex constants of the

form
Pa= gt 15, |
Qn-cn+1bn s ni=0.' 10 2. 3, ecces N

where An‘ Bn‘ (:n and Dx-1 are real, Now if we impose the condition

that the transformation function is symmetric about y axis, it re=
quires that =D =0, forn=10,1,2 ..... N. Also, this condite
ion assures at tHe lateral boundaries of the mapped region repre-—
sent straight parallel lines normal to the shore line and the sea-
ward boundary. It may be noted here that only the region R, to the
right of the y axis, represents the real region of the shelf. Further
1f we assume that the range tor x and § is same, we get the relation
for x and y in terms of £ and m as
N

x(¥.M i By By C) =X+ J (B, sinh nkmq+ C, cosh nkm )

n=1 '
sin nk ¥ " (32
N
¥y (§.7 ; By, B.C)) = B, + > (B, cosh nkcqp + C, sinh nkq)
cos nk& | (3b)

where B, and the set of coefficients B_ and C_ are the unknowns to

be determined, such that the equations (3a,b) give the best fit in
a least square sense, to the coast line when @ = P and to the sea-
ward boundary when M= -f. Here, B 1is also an additional unknown
parameter of this problem. The problem now reduceg to the minimi-
zation of the following error function

p{} Exc. + Wyc: E:yc * ¥xs Pxe ys EYS @

EmW W E,_+¥W
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wheré
k 2
Exc= %)\ [)_CC (g) - X (\goF H Boa Bnc Cn)] d§
A
1 A 2 .
Eyc = E)\& ‘?C (\g) -y (g, F ) Bo, Bn, Cn) ] 4a g. (5a,b,c,q)
-\ '
1 A 2
EXB o '2')\ S [xs (g) - X (g P ""P H Bol gnc cn) } dg ’

1 A 2
EYSI:EA S {YS (g).“y (EO'Ff BO' Bn' cn)} d;:
-\
and cho wyc' wxs' wys are the weight factors. X Yc and xs, Ys

are the coordinates respectively of the coastline (™M = B ) and the
sea=ward poundary ( M = = f ) of the specitied shelt region.

x (5, B s By By, ) andy (§,p 5 By, By, C,) are the transtorm
generated copordinates of the shoreline., 8Similarly x (% e =B 2

By. By, Cn) and y (¢, =B Bye Be cn) are tl:e transform generated
coordinates of the sea-ward boundary, Obviously, this minimization
problem has no airect procedure ror the determination ot P and other
coefficients, Wanstrath et al (1976) has suggested an interative
scheme which, in each iteration computes the unknown coerriciencs in
two steps. It has to pe pointed out here that Wanstrath et al
(1976) introauced weighting tactors, perhaps, for accelerating the
convergence of the iterative scheme, the weighting factors being
estimated from the errors in the preceding iteration, But, when
this procedure ot Wanstrath et al (1976) was used, we tound that
the convergence ot the iterative scheme was not improved, Hence,

we have taken the weighting ractors as unity ain our computations.

In the rirst step B, and B , appearing as the rirst two
terms ot y (£, B ; Bye Bye Cp) anay (¥, =f: By, B, C) are
treated as unknowns, and when the error tunction ?equation 4) is
minimized, we get ror the (i + 1) th iteration

B°i+1 = (I, + 1) /2h, (6a)
and Pi*ta @ -1 /2), (6b)
A
vhere I, = X, (%) ag ~ana I, = \Ys (\g) ag
(-] ~

In the next step, with these values ot B, and ]3 . Bn and cn are
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determaned by égaln minimizing the error function., Thus we have -

iv1 2 141
B = . (£, = I,) sinh nk
" Acosh <nk 15‘“71 i 3 4 F
+ (15-16‘) cosh nk [3 1+1§ {(7a,b)
c ¥+l 2 ey §(13 + 14) cosh nk-.F i+l
n A cosh 2nk ,3”
+ (Ig=1g) sinh nk R i*lg
\ .
I,= S [xc (%) - E] sin nk\g dE
6 .
A ' ‘
I = {xs (%) -%l sin nk¥ &t
A\
I, = ch(g) cos nk¥ at , ana
)\ [+
Ig = & Y, (E) cos nkg- ak |,

(o)

The iterative procedaure i1s inltiated by setting alt Bn and Cn to

Zero and all weight factors to unity. For succeeding iterations
Bn and Cn vajues are taken from the preceding iterations. 1t as

to be noted here that X,, Y, and X, and Y in equations (x). (o)

and (7) are not known airectly in terms of g ¢ In order to express
them as functions of}the given boundary curves ana the transrorm
generated bounaary curves at equal intervals of § , are tirst
exXpressea parametrically in terms or the ar¢ lengths measured

along each curve from some fixed point. But the iengths of the
transroxrm generated curve and the given curve will not generally
be equal unless the generated curve matches exactly with the

given curve. Hence the arc lengths aiong the generated curve is
muiltiplieu oy a suitaple tactor sSo that the two curves have exactly
the same length, Expressing Kge Yoo X, and Yc as functions of ¥

at equal intervals of $% petween ¢ and A , Wanstrath et al
(1976) evaluated the integrals I, to I, by using the trapezoidal
rule. The use of trapezoidal ru.]te implies that the integrands
can be approximated by linear runctions within small intervals $f.
-This might introduce errors in the evaluation of the integrals 13

to I. at large values of n due to the presence of goi: (nk® )

terms in the integrands. Hence we used an alternative scheme in
which exact integrals are first computed over small intervals of §
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assuming that X, Y_, X, and Y, are linear tunctions of % over

these intervals., For example (see figure 2), the contribution to
the integral I3 from the j th interval is given by

‘ 13,4 % §§3+1 {xc (%) -gl s.innkf's ag

S5+
-ng ! [A-i-B E}sm nkE ag

= {cos nk gj-cosnk §j+1"“/"’”‘ chosnk EJ
- Ej+1 cos nk %j+1) B/nk + (sin nk E J-O-J.
- sinnk & PV rzz x?

Wh.ere B = (xc' _t"1 - ch j)

The complete integral 13 is now evaluated by adding the contribution
from all the intervals. Similarly the other integrals are also
evaluated, )

b

Figure 2. Xc as a function of E .
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3. MAPPING OF THE SHELF REGION ALONG THE EAST COAST OF INDIA

It has been observed that 75% of the storms that struck the
Indian coast in the last hundred years, developed in the Bay of
Bengal and moved towards the east cocast of Incia, Hence, two over-
lapping stretches of the shelf region along the east coast frequently
experiencing storm surges, have been chosen and the transtormation
coefricients were computed to map these areas ilnto rectangles. The
seaward boundary of this shelf region is taken aiong the 200-meter
depth contour. The coast line and the 200-meter depth contour are
smoothed subjectively before reading them from the hydrographic
charts to suppress small scale variations, For example narrow
river entrances are replaced by trictitious coastline across the
entrance,

The two areas selected are the shelf region (see rigure 3)

(A) between Madras and Kalingapatnam, and
(B} between Porto Novo and Visakhapatnam.

The coetficients ot the transformation tunction to confor-
mally map the specified region (A) and (B) into rectangles, were
computed through a computer program developed for TDC 316 (see
‘Fernandes and Mahadevan, 1983 for the computer program). The
transform generated ooundaries of the two regions are plotted in
figures (4) and (5) respectively. B., 2 and the mean sSquare error
E between the specified and the tranSform generated coorcinates for
region (B) are presented in table (1), It can be seen that E fails
to caverge beyond 7 iterations., For petter agreement between the
specified boundaries and the transform generated boundaries, more
number of coefticients have to be considered as has been observed
by Wanstrath et al (1976) who computed 160 coetticients., Computae-
tion of 20 transrormation coefticients through 20 iterations with
50 integration steps in the interval 0 < ¥ < X , required 60
minutes of machine time on TDC 316, Hence we aid not attempt to
compute more than 20 coerticients because of the large computer
time involved, However, the closeness obtained between the speci-
fied and the generated boundaries using less number of transtor-
mation coetticients, is sutficient for storm surge computations
when compared to stair-step approximations normally mace tor
representing the bouncaries in such problems.



130

1.

2.

REFERENCES

Fernandes A. A. and R, Mahadevan, 1983. Transformation
of coordinates for storm surge simulation. Tech. Rep.

No. 3/683, National Institute of Oceanography, Dona Paula,
Goa, India.

Reid R, O, and A, C. Vastano, 1965, Orthogonal coordinates
tor analysis of long gravity waves near islands. Proc.
American Society of Civil Engineers, Santa Barbara Specialty
Conference in Coastal Engineering, pp 1-20.

Wanstrath J. J., Whitaker R. E,, Reid R. C.., and A, C.
Vastano, 1976. Storm surge simulation in transtormed
coordinates. Vol. I, Theory and Application. Tech, Repe.
No., 76-3. U, S. Army Corps of Engineers, Coastal Engin-
eering Center, Fort Belvoir, Virginia.

Wanstrath Je. J., 1976. Storm surge simulation in trans-
formea coorainates. Vol. II, Frogram Documentation, Tech.
Rep., No, 76-3,.U. S. Army Corps of Engineers, Coastal
Engineering Center, Fort Belvoir, Virginia.



131

*
Table 1. Convergence table for region B,

Iig;tigns (Em) (:1?1) (K‘i)
1 83.06 109.8 19.6
2 53.04 110,3 15.1
3 43,22 110.9 15.3
4 37.67 111,5 14.9
5 35.14 111.9 14,7
6 34,10 112,2 14.5
7 33.75% 112,.4 14.4
8 33,76 112,6 14,3
9 34,02 112,6 14.3

1o 34,31 112,7 14,2

*
10 coefticients were computed with 50 integration

Steps in the interval O €$¢§ < A

(A = 770 Km),



132

2<.z.r<n_<wz_4¢v_ GONV SVHAVW N33M138 NOI93Y dT3HS "+ "bid

SH3ILINOTIN
005 00t 00¢ 002 0ol
T T §

O
o
~
18
(1o}

T

{ pal3193dg ) A4opunoq Dag

Apq Dpounoy

yjnow LIDADPOS DISIUSDA

100¢

{ pay1dads ) Kiopunoq al0us

£iopunoq paipiauab Bumiioysunis)

SY3ILINOTIN



WYNLVJVIVHSIA NV OAON OL¥Od N3IIML3E NOI9IM 4713HS 'S Big

SHILINWOT | ¥

008 O@h

Omvw O@m

O©¢

On_vm

o
4+
(oY}
o
Q

woulodoxDysIA

ADq Dpouoy

uinow J4DADPOY

..AI,.III { P3}109dg ) Luppunoq opag

DISIUSDA

\

A 113yokpuoy

YINOW JIAL JDUUAY

£iopunoq pajpiauad Bujwisoy8una)

0AQU
oyi04

100l

106l

SHYILINOTIM



